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Abstract 



This thesis deals with Partial Differential Equations in Several Complex Vari- 
ables and especially focuses on a general estimate for the 9-Neumann problem 
on a domain which is g-pseudoconvex or g-pseudoconcave at a boundary point 
zq. Generalizing Property (P) by [C84j, we define Property {f-M.-PY at zq. This 
property yields the estimate 

{f-Mf \\f{K)Muf < c{\\duf + + \\uf) + Cm\\u\W 

for any u G C^{U fl Q)^ fl Dom(9*) where ?7 is a neighborhood of zq. We want 
to point out that under a suitable choice of / and A^, {f-JVlY is the subelliptic, 
superlogarithmic, compactness and subelliptic multiplier estimate. 

The thesis also aims at exhibiting some relevant classes of domains which 
enjoy Property {f-M-P)^ and at discussing recent literature on the 9-Neumann 
problem in the framework of this property. 
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Sunto 



Questa tesi tratta di Equazioni alle Derivate Parziali in Piu Variabili Comp- 
lesse e ha come obiettivo principale quelle di stabilire una stima generale per il 
problema (9-Neumann su un dominio che e g-pseudoconvesso o g-pseudoconcavo 
in corrispondenza di un punto di bordo zq. Generalizzando la Proprieta (P) di 
|C84] . si introduce la Proprieta {f-M.-PY in ^o- Essa da luogo alia stima 

{f-Mf ||/(A)7WMf < c{\\duf + + \\uf) + Cm\\u\W 

per ogni u E C'^{U fl ClY H Dom(9*) ove f/ e un intorno di zq. E il caso di 
osservare che per opportune scelte di / e di A^, la stima {f-Ai-P)^ coincide con 
le principali stime della letteratura quali quelle subellittiche, superlogaritmiche, 
di compattezza e infine quelle di moltiplicatore subellittico. 

La tesi ha anche I'obiettivo di esibire delle classi rilevanti di domini che godono 
della Proprieta {f-M.-P)^ e di discutere letteratura recente sul problema c)-Neumann 
nel quadro di questa proprieta. 
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Chapter 1 
Introduction 



The 9-Neumann problem is probably the most important and natural example 
of a non-elliptic boundary value problem. It owes its importance to the Cauchy- 
Riemann system from which it originates. The main tools to prove regularity of 
solutions of this problem are various L2-estimates such as subelliptic, superloga- 
rithmic, compactness estimates just to mention a few. In this thesis, we introduce 
a general estimate, that we call {f-M)^, whose principal related results are The- 
orems I1.10[ 11.131 and 11.141 As an introduction, we give a brief description of the 
5- Neumann problem, for whose detailed account we refer to |FK72] . 

1.1 The ^-Neumann problem 

Let f2 be a bounded domain of C" with smooth boundary denoted by hVt. Let 
L2'*^(f2) be the space of square-integrable (/i, A;)-forms on Vt. We have a densely 
defined complex of operators d with adjoint d* 

L^/-\^) i± L^/iSl) i L^/^\^). (1.1) 
a* a* 

We define H^''' C L'^'''{n) by 

n^^'' = {u e Dom((9) n Dom{d*)\du = and d*u = 0}. (1.2) 

The d-Neumann problem for (/i, fc)-forms can be stated as follows: given a G 
L2'^{Vt) with a ± V.^'^^ does there exist u G L^'^{Vt) such that 

{dd* + d*d)u = a 

u G Dom(a) n Dom((9*) (1.3) 
du G Dom{d*),d*u G Dom(9)? 
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Observe that the solution u to (11 .Sp under the constraint u _L T-L^'^ is unique, 
if it exists. We denote this solution by Na. If a solution to (II. 3p exists for all 
a _L 7{'*'^, then we extend the operator to a linear operator on L^'^iVt) by 
setting 

^^_f0 ifaGH'^'^ 
^~ \u if a ± H^'^ ■ 

Then iV is bounded self adjoint. Furthermore, if da = 0, then from (ll.3p we 
obtain dd*dNa = and taking inner product with dNa we get ||9*(9A^a|p = 
and hence d*dNa = 0. Thus we see from (11.31) that if 9a = and a ± 'H'*''^, 
then a = dd*Na. It then follows that u = d*Na is the unique solution to the 
d-problem 

- (1.5) 
u is orthogonal to Ker d. 

The 9-Neumann problem is a non-elliptic boundary value problem; in fact, the 
Laplacian □ = dd* + 3*3 itself is elliptic but the boundary conditions which are 
imposed by the membership to Dom(n), that is, the second and third line of (II. 3p . 
are not. The main interest relies in the regularity at the boundary for this problem, 
that is, in stating under which condition u inherits from a the smoothness at the 
boundary bfl (it certainly does in the interior). The regularity of the 9- Neumann 
operator is defined as follows 

Definition 1.1. 

(i) Global regularity : ii a e C°°{Q) then Na G C°°{Q). 

(ii) Local regularity : ifa e C^{U fl fi) then Na G C°°(f/' fl where the sets 
U' G U range in a system of neighborhoods of a point zq G Cl. 

One of the main tools used in investigating the local (resp. global ) regularity 
at the boundary of the solutions of the 9-Neumann problem consists in certain 
a priori estimates such as subelliptic, superlogarithmic (resp. compactness) esti- 
mates. In this thesis we introduce the [f-M-Y estimate which is comprehensive 
of all these estimates. 



1.2 The {f-Mf estimate 

In order to define {f-M.Y, some preliminary material is required. 
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For quantities A and B we use the notion A < B to mean A < cB for some 
constant c > which is independent of relevant parameters. We write A = B to 
mean A < B and B < A. For functions / and g, we use the notation f ^ g to 
mean that ^ is +00 at +00. 

Let f2 be a smooth domain locally defined in a neighborhood of boundary point 
Zo- Throughout this thesis we assume that zq is the origin. For a neighborhood U 
of Zq, fix a smooth real- valued function r such that 

nnU = {z eU : r{z) <0}; (1.6) 

we also require that \dr\ = 1 on bfl. We take a local orthonormal basis of (1,0) 
forms wi, a;„ = dr and a dual basis of (1,0) vector fields Li,...,L„; thus 
Li, Ln-i generate T^'^{U fl hVL). For (f) G C^(f/), we denote by (pij the coef- 
ficients of dd(j) in this basis. 

Let \i{z) < ... < \n^i{z) be the eigenvalues of jk{z))'^^^^. We take a pair of 
indices 1 < g < n — 1 and < go < n — 1 such that q ^ Qo- We assume that there 
is a bundle G T^'^hVt of rank qo with smooth coefficients (that by reordering 
can be supposed to coincide with span {Li, Lq^}) such that qo 

Q go 

$^A,-5^r,,>0on[/n6a (L7) 

j=i i=i 

Here we conventionally set Yl'jLi • = if go = 0. 
Definition 1.2. 

(i) If g > go we say that Q is q-pseudoconvex at zq. 

(ii) If g < go we say that Q is q-pseudoconcave at Zq. 

The g-pseudoconvexity/concavity is said to be strong when (11. 7p holds as strict 
inequality. 

The notion of g-pseudoconvexity was used in |A07j and |Z00j to prove the 
existence of C°°(0)'^ solutions to the equation du = f. Though the notion of g- 
pseudoconcavity is formally symmetric to g-pseudoconvexity, it is useless in the 
existence problem. The reason is intrinsic. Existence is a "global" problem but 
bounded domains are never globally g-pseudoconcave. Instead, in the present the- 
sis, we deal with various estimates of local type such as subelliptic or superlogarith- 
mic. Owing to the local nature of these estimates and the related local regularity 
of 9-Neumann problem, this is the first occurrence where g-pseudoconcavity comes 
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successfully into play. Moreover, local estimates on a pseudoconcave domain play 
a leading role in the study the d or (9b-Neumann problem on an annulus or a 
hypersurface. 



Remark 1.3. If Vt is g-pseudoconvex at zq, then Vt is also fc-pseudoconvex for any 
k > q. Similarly, if Q is g-pseudoconcave at zo, then fl is also fc-pseudoconcave for 
any k < q. 



Remark 1.4. Definition 11.21 is a generalization of the usual pseudo convexity or 
pseudo concavity as well as of the celebrated condition Z{q) (cf. |FK72] ). In fact, 
for qo = and q = 1, 1-pseudoconvexity is the usual pseudoconvexity. Similarly, 
for go = n — 1 and q = n — 2, (n — 1) -pseudo concavity is the usual pseudoconcavity. 
Moreover, if Q satisfies condition Z{q) at Zq, that is, the Levi form has at least 
n — q positive eigenvalues or at least g + 1 negative eigenvalues, then Q is strongly 
g-pseudoconvex or strongly g-pseudoconcave at zq. 



We denote by A^'^ the space of smooth {h, /c)-forms in 0. Throughout this 
thesis we only deal with (0, fc)-forms since the extension from type (0, k) to type 
{h, k) is trivial. We use the notation 

c~(f/ n = {ue ^°'^|supp(m) c u}. 

If u G C^{U n 0)'^, then u can be written as 

u = Y^ ujuj, (1.8) 
\j\=k 

where = A ... A Wj^, and where J = {ji,---,jk} is a ordered multiindex. 
Also, denotes summation over strictly increasing index sets. If J decomposes 
as J = jK, then we write ujk = ^^j^u j where e^J^uj is the sign of the permutation 
{iK) ^ J. Under the choice of a basis of (1, 0)-forms in which Un = dr, we check 
readily that u G Dom((9*) if and only if Unxlbn = for any K. 



We define the function multiplier Ai E A^'^, by 

Mu := \M\\u\. 



1.9) 



We define the 1-form multiplier M = -MjUj G A^'^ over a q-pseudoconvex/concave 
domain Q at zq by 



Mu 



\ 



\K\=k-l j=l 



Qo 



:i.io) 
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For zo e bn, we choose the defining function r as the last coordinate and 
supplement it to a full system (x, r) e M^"'~^ x R of so-called special boundary 

coordinates in a neigborhood U of Zq. In this situation, the Xj's are the tangential 
coordinates and r the normal coordinate. Denote by ^ the dual variables of x and 
define x-^ = Y^^i^j and |Cp = EC|- 

For (f e C^{U n Q), we define the tangential Fourier transform of </?, by 

<^(C)''")= / e~^^'^cp{x,r)dx. 

We denote by = (1 + the standard "tangential" elliptic symbol of order 

1 and by A the operator with symbol A^. We define a class of functions T by 

T^ife C~([l,+oo)) < fit) < t^-f'{t) > and \f^"'\t)\ < ^ ^ ^^ |,Vm G Z+}. 

Notice that for any of the choices f{t) — l,f — (logt)* or f — t^, e < \, we have 
that / e J". 

For / e J", we define the operator /(A) by 

/(A)(^(x, r) = (27r)-2'^+^ / e^^< f{K^)^{i, r)dC, (1.11) 
where ip E C^{Unn). 

We define the energy form Q on C^{U n 1^)'' n Dom(9*) by 
Q{u, v) — {du, dv) + {d*u, d*v) + {u, v). 
We are now ready to define the {f-M-Y estimate. 

Definition 1.5. Let Q, be g-pseudoconvex (resp. g-pseudoconcave) at Zq e bO,. 

Then, the (9-Neumann problem is said to satisfy the {f-AiY estimate at zq e bVl 
if there exist a positive constant Cm and a neighborhood U of zq such that 

(/-M)'= I \f{K)Mu\\^ < Q{u, u) + Cm\\u\\\, (1.12) 
for any u e C^(C/ n Q)*^ n Dom(5*) where k>q (resp. k <q). 
Remark 1.6. If is a bounded constant, then we can assume that Cm — 0- 
Remark 1.7. If Q is pseudoconvex at Zq and {f-M.Y° holds for some > 1, then 
{f-^AY holds for any k > ko- Similarly, If fl is pseudoconcave at zo and {f-A4)^° 
holds for some ko < n — 2, then {f-M.Y holds for any /c < /co- 

We simply say that (f-Ai)'' holds when the definition applies. Wc remark that 
if /del) — ICI^) then the operator has to be bounded since the best estimate 
at the boundary is the ^-subelliptic estimate. 
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1.3 How the (f-Ai) estimate mathces the liter- 
ature 

We want to point our attention to the choice of / and Ai in relevant cases and 
review some resuhs concerning these estimates. 

1) For /(l^l) = 1^1% < e < |, and for M = 1, the {f-MY estimate becomes 
the subellipitic estimate 

\\\u\\\l<Q{u,u). (1.13) 

Here 1 1 1 ■ 1 1 |e is the tangential e-Sobolev norm. When the domain Q is pseudoconvex, 
a great deal of work has been done about subelliptic estimates. The most general 
results concerning this problem have been obtained in |K79j and |C87j . 

• In |K79j . Kohn gave a sufficient condition for subellipticity over pseudocon- 
vex domains with real analytic boundary by introducing a sequence of ideals 
of subelliptic multipliers. 

• In |C87j . Catlin proved, regardless whether bfl is real analytic or not, that 
subelliptic estimates hold for fc- forms at Zq if and only if the D'Angelo type 
Z)fc(zo) is finite. Catlin applies the method of weight functions used earlier 
by Hormander |H66] . One step in Catlins proof is the following reduction: 

Theorem 1.8. Suppose that Q CC C" is a pseudoconvex domain defined 
by Q = {r < 0}, let zq G bVL, and let U be a neighborhood of zq. Suppose 
that for all 6 > 0, there is a smooth real-valued function satisfying the 
properties: 

\^^\ <1 onU, 

<^fj >0 onU, (1.14) 
ES=i ^fj^i^j > onUn{-6<r< 0}, 

where the matrix represents the form dd^^ in the chosen basis 
Then, we have a subelliptic estimate of order e at Zq. 

However, not much is known in the case when the domain is not necessarily 
pseudoconvex except from the results related to the celebrated Z{k) condition 
which characterizes the existence of subelliptic estimates of index e = | accord- 
ing to Hormander |H65j and Folland-Kohn |FK72j . Some further results, mainly 
related to the case of forms of top degree n — 1, are due to Ho |Ho85j . 
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The basic theorem of Kohn and Nirenberg jKN65] shows that local regularity 
is a consequence of a subelliptic estimate. In fact, if a subelliptic estimate of or- 
der e holds for the 9-Neumann problem on a neighborhood U of zq & bQ, then 
a\u e HsiU)'' implies Na\u' e Hs+2e{U'f for U' CC U; here HsiUf denotes the 
space of k-forms with coefficients in the if^-Sobolev space of order s. 

2) For f{\i\) = log 1^1 and = ^ for any e > 0, we have that {f-MY implies 
the superlogarithmic estimate 

II log(A)M||2 < eiWduf + \\d*uf) + CJnf . (1.15) 

Superlogarithmic estimates were first introduced by Kohn in |K02] . He proved 
superlogarithmic estimates for the tangential Kohn-Laplace operator 0^ on cer- 
tain pseudoconvex CR manifolds and using them he established local regularity 
of Dft and of the 9-Neumann problem. These estimates are established under the 
assumption that subellipticity degenerates in certain specified ways. 

3) For /(l^l) = 1 and = ^ for any e > 0, we have that {f-J^Y implies the 
compactness estimate 



?<<\\M\'' + Wur) + CM?-v (1-16) 



By its definition, the compactness estimate in fll.l6p is a local property. Roughly 
speaking, the 9- Neumann operator on is compact if and only if every bound- 
ary point has a neighborhood U such that the corresponding 9-Neumann operator 
on f/ n is compact. A classical theorem of Kohn and Nirenberg |KN65j asserts 
that compactness of A^ (as an operator from -^2(^2) into itself) implies global reg- 
ularity in the sense of preservation of Sobolev regularity. 

Catlin |C84j introduced Property (P) and showed that it implies a compactness 
estimate for the (9-Neumann problem. A pseudoconvex domain Vt has Property 
(P) if for every positive number M there exists a plurisubhamonic function ^^'^ in 
C°°(f2), bounded between and 1, whose complex Hessian has all its eigenvalues 
bounded from below by M on hVL, that is 



E 



WiWj > M\w\ , for z ehVL.w e C". (1-17) 

\J Z^iJ z ^ 



tj=l ■> 



Compactness is completely understood on (bounded) locally convexifiable do- 
mains. On such domains, the following are equivalent |FS98j . |FS01j : 

(i) A'fc is compact. 
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(ii) the boundary bQ satisfies property (P), 



(iii) the boundary contains no A;-dimensionaI analytic variety. 



In general, however, the situation is not understood at all. 



5) For /(I'd) = 1 and Ai = \'YTj=i''^ziZj''^zidzj where and r are defining 
functions with \Wr'^\ = 1 on hVt, we have that [f-Ai)'^ is equivalent to 



71 



E' II E ^w^^.^f ^ ^ii^^f + ii^*Hi') + cMW, (1-18) 



l_ft:|=fc-i i,j=i 



for any u = Y.' Ujdzj E n Dom(9*). 

\j\=k 



The estimate fll.lSp was introduced by Straube in [S08j . He showed that if 
fll.lSp holds for all u E C°°{ri)'' fl Dom((9*), then the 9- Neumann operator on 
k-forms is exactly regular in Sobolev norms, that is 

\\NkU\\s < Cs\\u\\s 

for any integer s > and any u E Hs{^l)''. Notice that the estimate f ll.lSp is 
weaker than the compactness estimate. 

6) For /(Id) = Id' and M E (resp. M E A^'^), we have that the {f-Mf- 
estimate can be written as 



One calls Ai a subelliptic multiplier (resp. subelliptic vector-multiplier) . Kohn 
[K79j introduced the theory of subelliptic multipliers and subelliptic vector-multipliers 
to obtain subelliptic estimates on a real analytic domain. To prove subelliptic es- 
timates, he searched for a nonzero constant function belonging to the collection 
of multipliers. 

1.4 The main theorems 

The first goal of this thesis, we exploit here the full strength of Catlin's method 
to study the {f-M.Y estimate on a g-pseudo convex or g-pseudoconcave domain. 
These results are related to joint work with G. Zampieri in |KZ08aj . |KZ08b] and 




(1.19) 



[KZOQaj . 
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For a form u, we consider tlie decomposition u = {u^ , m^) where the tangential 
component collects the coefficients uj with n ^ J and the normal component 

those with n & J . Denote by Ss the strip {z E VL\ — 5 < r < Generalizing 
conditions fll.l4p in Theorem 11.81 and Property (P) in fll.l7p . we define 

Definition 1.9. We say that VL satisfies Property (f-Ai-P)'' at the boundary 
point zq G bQ, if there is a neighborhood U of zq and a family of real valued 
C^(f/) weights $ := ^^'^ such that we have on SsCiU 

< 1 



if-M-py 



\K\=k-lij=l j=l 



U 



T|2 



:i.2o) 



> /((5-i)2|7Wm^|2+ ^|L,(<I>K|2, 



for anyueC^iUnn)''. 

Our result is the following 

Theorem 1.10. Let Q G C"' be q-pseudoconvex (resp. q-pseudoconcave) and sat- 
isfy Property {f-M.-PY at zq G bQ; then the {f -M)^ -estimate holds at zq for 
k > q (resp. k < q). 

Observe that the condition on the family {<|)'^'"^} in our Property (f-Ai-P)^ 
is simpler than condition fll.l4p in Theorem 11.81 and Property (P) in fll.l7p . 



The main idea for proving Theorem 11.101 follows from Catlin |C87j combined 
with some modifications contained in |KZ08aj and |KZ08bj . 

We remark that our Property (f-Ai-P)^ only deals with the w'^-tangential 
component of u. We first get the {f-M.Y estimate for u replaced by . On the 
other hand, for the normal component u'^ of m, one readily proves the elliptic es- 
timate ll^'^lli < Q{u,u). Thus the full u enjoys the (f-At)^ estimate. 

On a real hypersurface M of C", d induces the tangential Cauchy-Riemann 
operator dh- Let dl be the L2-adjoint of db and = dbdl+dldh, the induced Kohn- 
Laplacian. Let (■, ■);, denote the inner L2-product on M; for u, v E C^{U fl M)^, 
we denote the tangential energy by 

Qb{u, v) = {Bu, du)b + {d*u, d*v)b + (m, v)b. 

In the space of frequencies ^ G M^""^, we consider a conical smooth partition of 
the unity 
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where supp?/'=^ C : ±6n-i > |(^i, 6n-2)|} and supp?/'" C : |6n-i| < 
2|('^i, ^2n-2)|}- We consider the corresponding pseudodifferential decomposition 
of the identity 

^+ + + ^° = id. 
Accordingly, for a form u G C^{U fl M)^, we consider the decomposition 

\^ -\ (1-21) 
=: u + u + u , 

where C is a cut off in C^{U' fl M) for U' DD U. Our estimates on M are defined 
as follows 

Definition 1.11. Let M be a hypersurface; then a {f-A4)^ estimate holds for 
{db, d^) at zo & M if, in a neighborhood U of zq, we have 

{f-M)t \\f{A)Mu\\l < Qb{u,u) + Cm\\u\\1_,, 

for aU u E C^{U n M)^ And a (/-A^)^,+ (resp. estimate holds for 

{db, dl) at Zq if the above holds with u replaced by m+ (resp. u~), that is, 

{f-M)l^ \\f{A)Mu+\\l < Qb{u^,u^) + Cm\\u^\\1-i 

(resp. 

||/(A)Al«-||2<Q,(«-,n-) + C^||n-||2_^ ). 

Definition 1.12. The hypersurface M is said to be g-pseudoconvex if one of two 
sides C" \ M is g-pseudoconvex. 

We denote by fl~^ = {z E U\r{z) < 0} the g-pseudoconvex side of C" \ M 
and by Q~ the complementary side. By Remark 12.51 which follows, = {z E 
U\ — r{z) < 0} is (n — g — 1) -pseudo concave. We use the notations (/-A^)^± in 
the obvious sense. 

The second goal of this thesis is to state the equivalence of the {f-M.Y estimate 
on a domain and on its boundary. 

Theorem 1.13. Let M he a q-pseudoconvex hypersurface at zq and let he the 

two sides ofC^\M locally at Zq G M. Then, for any k > q, we have the following 
system of equivalences 

(/-A^)^+ ^ ^ if-MyV--' ^ U-M)lz'-\ (1.22) 
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Since Qb{u°,u^) > \\u°\\l^i, Theorem [1.131 implies that {f-M)'j^ holds on M at 
Zq if Property {f-M-PY and Property {f-M-PY^^^^ hold on 1]+ at Zq. 

The third goal of this thesis is the analysis of local problems which arise, on 
a bounded pseudoconvex domain, from the {f-M.Y estimate when / ^ log and 
M. = 1. Among these we mention local regularity for the 9- Neumann operator, 
geometric necessary conditions, lower bounds for the Bergmann metric and the 
Property {f-M-PY. 

Theorem 1.14. Let Q be a bounded pseudoconvex domain and let zq G hVL. 
Suppose that {f-^Y holds in a neighborhood U of zq with f ^ log, that is, 

lim /^^^[l = +00. Then, 

S^oologKl 

1. The d -Neumann operator is locally regular. 

2. If, for an 1-dimensional complex analytic variety Z passing through Zq, bQ 
has type < F along to Z at zq in the sense that 

\r{z)\ < F{\z — ZqD for all z E Z sufficiently close to Zq, 

then, for small 6 and with F* denoting the inverse function to F, 



log(5-^) 



IT < ^*(^" 



3. Given a constant r/ > 0, there exists U' C U, so that for any z E U' D Q 

and any X G T^'^C"', the Bergman metric B{z,X) is bounded from below by 
f 

|X|j — {6 -^^^{zY, where 6{z) is the distance of z to b^l. 

4- Given a constant rj, there exist U' G U and constant 6o > 0, so that Property 
if-l-PY holds m U' with /(r^) = -^^{6-^+'i), < 6 < 5o. 

As for the global problem, it is well known that the compactness estimate 
implies global regularity for the 5-Neumann operator. In this thesis we give an 
example in which compactness estimate does not hold but, nonetheless, the d- 
Neumann operator is globally regular. This refines former work by Krantz |Kr88j . 
Moreover, we show that global regularity follows from an estimate which is weaker 
than compactness estimate according to Straube jS08j . 
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The thesis also contains the discussion of Property (f-Ai-P)^ for some classes 
of domains such as domains satisfying Z{k) as well as decoupled or regular coor- 
dinate domains. 

The thesis is structured as follows. In Chapter 2, we give the background of the 
9- Neumann problem over g-pseudoconvex/concave domains following the guide- 
lines of FoUand-Kohn |FK72] and Zampieri |Z08j . In Chapter 3, we introduce the 
method of weights and prove Theorem II.IUI This part is a development of Catlin 
[C84j and |C87j . In Chapter 4, we study, by microlocal tools, the relation between 
the 5-Neumann system and the tangential system and prove Theorem 11.131 The 
main references of this section are Kohn [K86j and Kohn |K02j . In Chapter 5, we 
combine the techniques by Kohn |K02] and Catlin |C83] to show that an (f-Ai)^ 
estimate implies a local Hg estimate with a 1-parameter family of cutoff functions. 
This Hg estimate is the main tool for the proof of Theorem 11.141 The proof of the 
second (resp. third) part of Theorem 11.141 originates from ^C83j (resp. jMcN92j ) 
but contains new ideas which are needed to handle domains which are no more of 
finite type. Global regularity is discussed in Chapter 6. In Chapter 7, we discuss 
Property {f-M.-PY for decoupled domains and state optimal subelliptic estimates 
for regular coordinate domains (for whose detailed analysis we refer to |KZ08cj ). 
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Chapter 2 
Background 



In this chapter, we provide most of the background which is needed to introduce 
the (f-Ai)'^ estimate for the 9-Neumann problem on a g-pseudo convex/concave 
domain Q at a point Zq & bD,. 

2.1 Terminology and notations 

For 2; e C", we denote by CTjC" the complex- valued tangent vectors to C" 
at z. We have the direct sum decomposition CT^C* = T^-^C" © T^'^C*, where 
T^^'°C" and T^'^C" denote the holomorphic and anti-holomorphic tangent vectors 
at z respectively. 

Denote by A^^''' the space of (0, A;)-forms at z and by ( , )z the pairing of A^^''^ 
with its dual space. We also denote by ( , )^ the inner product induced on A^'^ 
by the hermitian metric and by | |^ the associated norm. 

Let Li, ...,Ln be an orthonormal basis of T^'^C" in a neighborhood U of Zq] 
then, for z & U, we have {{Li)^, {Lj)z)z — % where Sij is the Kronecker symbol. 

Let Ui, ■ ■ ■ ,Un he the dual basis of (l,0)-forms on U, so that for each z e 
U we have {{uJi)z,{Lj)z)z = ^ij- We denote by Li,--- ,Ln the conjugates of 
Li, • • • , Ln, respectively; these form an orthonormal basis of T^'^C"" on U. Denote 
by cDi, ■ ■ ■ , ojn, the conjugates of Wi, ■ ■ ■ , cj„ respectively; they are the local basis 
of (O,l)-forms on U which is dual to Li, • • • , L„. In this basis, for any 4> G C°°{U), 
we can write 



n 



n 
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Then, one defines 



'^^Lj{(j))uj and dcp = Lj{(f))uj. 
i=i j=i 



We set to be the coefficients of ddcp in the basis {ujj}j, i.e. 

(9(90 = ^ (pijUJi A Wj. (2.1) 

For each A; = 1, ...,n, let c^^ be the coefficients of the 2- forms duk, that is, 

ij 

Then can be calculated as follows 
dd(f) = 9(^^Lfc(0)wfcj 

k 

= L,Lk{(j))uj' Aoj^ + Lk{(f)) c'^jUJi A ooj 

i,k k i,j 

i,j k 

From the fact that dd + dd = 0, we have 

cjy.j = L,Lj{<jy) + Y c%Lk{4>) = + E (2-2) 

k k 

From (12. 2p we obtain 

[L„L,] = 5^4L,-5^4L,. (2.3) 

k k 

where [Lj, Lj\ = LiLj — LjLi denotes the commutator. 

Let i7 C C" be an open subset of C"" and let hVL denote the boundary of VL. 
Throughout this thesis we restrict ourselves to a domain VL such that hVL is smooth 
in the following sense. We assume that in a neighborhood U of hVt there exist a 
C°° real- valued function r such that dr ^ m U and r{z) = if and only if 
z G bfl. Without loss of generality, we may assume that r > outside of fl and 
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r < in f2. 

For zq G bfl, we fix r so that \dr\ = 1 in a neighborhood U of zq. We choose 
Ui, ■ ■ ■ ,ujn to be (l,0)-forms on U such that Un = dr and such that {u!i,u!j) = 6ij 
for z E U. We then define Li, - ■ ■ , Li, ■ ■ ■ , Z„, wi, ■ ■ ■ , as above. Note that 
on U nbfl, vfe have 

^il'^) = Ljir) = 6jn. 

Thus, Li, ■ ■ ■ , Ln-i and Li, ■ ■ ■ , L„_i are local bases of T^'%Q := CTbQ n T^^^qu 
and T^'^fel] := CTbQ fl T'^'^C" respectively, where CTbfl is the space of complex- 
valued tangent vectors to bQ. We define a vector field T on U (IbQ with values in 
CTbn by 

T = L„ — Ln. 

Observe that Li, - ■ ■ , Li, ■ ■ ■ , T are local basis of CTbfl over ^7 flfeil. 
Using integration by parts, we get the proof of following lemma 

Lemma 2.1. Let ^,4' & C^{U fl H), then we have 

Jbn 

where aj G C°°{U fl Vt) and dS denotes the element of area on bVt. 

Let {rij) be the Levi matrix of r. Substituting r for (p in fl2.2p . we get rij = 
c^j = c"j and by (12. 3p we conclude 

n— 1 n—l 

[L„ I,] = r,,r + ^ - ^ 4.1,. (2.4) 

k=l k=l 

Remember that we have denoted by A^'^ the space of (0, fc)-forms in C°°{Cl) 
and by C^{U fl 0)'^ those which have compact support in U. li u E C^{U fl H)'^, 
then u can be written as ^ 

u = ^ ujuj, (2.5) 
\j\=k 

where denotes summation over strictly increasing indices J = ji < ... < jk and 
where uj denotes the wedge product uj = ojj-^A...AUj^. When the multiindices are 
not ordered, the coefficients are assumed to be alternant. Thus, if J decomposes 
as J = jK, then ujk = ^^j^uj where e^]^ is the sign if the permutation jK — )■ J. 
There is a well defined Cauchy-Riemann complex 

^0,fc-l _^ jG,k 9^ jO,k+l 
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The action of 9 on a (0, /c) form is 

9m = Lj-ujcuj A tjj + ... (2.6) 

\J\=k j=l 

wliere tlie dots refer to terms of order zero in u. 

We extend this complex to 1^2^ [0) the space of (0, /c)-forms with L2-coefficients, 
so that the Hilbert space techniques may be applied. For each 2; G denote by 
{dV)z the unique positive (n, n)-form such that Kdl^)^! = 1. We call dV the 
volume element. For u,v & L2''^(il), we define the inner product and the norm by 



{u,v) = / {u,v)z{dV)z and \\u\\ = {u,u). 
Jn 

For each form of degree (0, k), we define 

Dom(a) = {ve Ll^\n) : dv (as distribution) G L'^/^\Q)}. 

Then the operator d : Dom(9) — )■ L2'^'^^(r2) is well-defined and, by noticing that 
j\o,k ^ Doni(a), we have d : Ll'\n) L°''=+'(fi) densely defined operator. 
Thus, the operator d has an L2-adjoint d*, defined as follows. If u G Dom((9*), 
there must exist a G Lg''^"^ such that 

(f , a) = {dv, u) for all v G Dom(c}). 

In fact, this a is nothing but the form d*u that we are assuming to exist. But we 
have 

{dv, u)= ^{LjVK, Ujx) + {v,...) 

\K\=k-l j=l 



-- ^ '^(^- {vK,LjUjK) + Sjn VKUjxdS^ + {V, . . .) 
\K\=k-l j=l "^^^ 



(2.7) 



V, - 



LjUjKUJK) + 5jn ^ / VKUjxdS + (f , . . . ) 
C\=k-1 \K\=k-l-^^^ J 



j=l \ \K\=k-l 

where dots denote an error term in which u is not differentiated. Here the second 
equality in (12. 7p follows from Lemma 12.11 If we pretend that this coincides with 
the action of a G L2^~^, then the boundary integral must vanish. We have thus 
obtained the proof of the following 
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Lemma 2.2. 

u G Dom{d*) if and only if UjK\bn = for any K. (2.8) 

Over a form satisfying fl2.8p . the action of the Hilbert adjoint of (9, coindides 
with of its "formal adjoint" and is therefore expressed by a "divergence operator" 

d*u = — ^ ^ LjMji^cJx + ••• (2.9) 

\K\=k-l j 



2.2 The basic estimate 

For a real function (p in class C^, let the weighted Lg-norm be defined by 



\u 



\l = {u,u)^ ■= \\ue 2 1|2 = I {u,u)e '^dV. 



Let be the L^-adjoint of d. It is easy to see that Dom((9*) = Dom((9^) and 

^l'^ = ~ Y^jUK(^K + --- (2.10) 

1/^1=^-1 j=l 

where 6j(p = e'^Lj{e~'^ip) and where dots denote an error term in which u is not 
differentiated and (p does not occur. 

By developing the equalities fl2.6p and f r2.10p . the key technical result is con- 
tained in the following 

Proposition 2.3. Let zq G hVt and fix an index Qo with < qo ^ n — 1, then there 
exists a neighborhood U of zq and a suitable constant C such that 

\\du\\l+\\dlu\\l+\\u\\l 

\K\=k-li,j=l \J\=k j=l 

n-1 „ qo 



+ Y Y e~'^rijUiKUjKdS - Y Y / e"'^rj.,|Mj|^c/S' 

\K\=k-U,J = l-^'>^ \J\=q j = l -^^^ 

j=i j=qo+i 
for any u G C^{U n nf n Dom{d*) . 



(2.11) 
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Proof. Let Au denote the sum in fl2.6p : we have 

\\M\l = ^^\\LjUj\\l- YiLiUjK,LjUiK)^. (2.12) 

\J\=k 3=1 \K\=k-l ij 

Let Bu denote the sum in (12.101) : we have 

\\Bu\\l= J2(^tu,K,Sfu,Kh. (2.13) 

\K\=k-l ij 

Remember that Au and Bu differ from du and d^u by terms of order which do 
not depend on 0. We then have 

\\du\\l + \\d;u\\l 

= \\Au\\l + \\Bu\\l + R 

^ n (2.14) 

\J\=k j=l \K\=k-li,j=l 

where R is an error coming from the scalar product of 0-order terms with terms 
LjUj, LjUjK or u. 

We want to apply now integration by parts to the term {6fuiK, SjUjK)^, and 
{LjUiK, LiUjK)(i)- Notice that for each (p,ip & C\{U fl H), similarly as in Lemma 
12.11 we have 

(V9, 5'^il))^ = -{Ljip, ip)^ + (ajV9, ip)^ + 5jn /fef^ e-'^ipi^dS 
-{ip, Liip)^ = {6f(p, ip)^ - {biif, ip)^ - bin /ftj^ C'^ifiidS 

and for some a^, 6j G (7^(0 fl f/) independent of 0. 
This immediately implies 

{SfuiK, 5fujK)<f> = -{LjSfuiK, Ujk)^ + Sjn Jf,n e-^5t{uiK)ujKdS + R^^ 

-{LjUiK, LiUjK)<p = (SfLjUiK, UjK)<t> - 6in J^^^ 6''^ Lj{UiK)UjKdS + R. 

From here on, we denote by R terms involving the product of u by 6ju for j < n — 1 
or LjU for j < n but not twice a derivative of u. 

Recall that Unxlbn = and Lj{unK)\bn = if j < n — 1. We thus conclude 
that the boundary integrals vanish in both equalities of fl2.15p . Now, by taking 
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the sum of two terms in the right side of fl2.15p . after discarding the boundary 
integrals, we put in evidence the commutator [6f, Lj] 



'^fUiK, ^jUjK)<t> - {LjUiK, LiUjK),j> = {[Sf, Lj]UiK, UjK)<t> + R- (2.16) 



Notice that (12.151) is also true if we replace both UiK and UjK by uj for indices 
i = j ^ Qo- Then we obtain 

\\L,uj\\l = \\5fuj\\l - {[Sf,L,]uj,uj)^ + R. (2.17) 
Applying f l216|l and (EjT]) to the last hue in fl21i|l . we have 

\\du\\l + \\d;u\\l 



10 



\K\=k-li,j=l \J\=k j=l 

go n 

+ E \\L,uj\\l)+R. 

\j\=k 3=1 i=go+i 

Now we calculate the commutator 



Lj] = LiLj(f)+ [Li,L^ 



n 



k ,=1 (2.19) 



n—l n—1 

^1] 



where we have used (12.21) and (12.41) . 
Since (L„, dr) = 1, we have 



[TijdlUiK.U 



jk)^ = / rije '^UiKUjKdS + R. (2.20) 
Jbn 
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Substituting f l239|) in f l218|) and combining with (ESO]), we get 



\\Ml+\\dlu\\l 



4, -r 

K\=k-li,3=^ \J\=k 3 = 1 

n-1 ^ , go 



\K\=k^li,j=l-^''^ \J\=kj=l-^^^ 
qo n 



(2.21) 



33 \ 

bn 



\j\=k j=i i=go+i 

We denote by 5* the sum in the last line in fl2.2ip . To conclude our proof, we 
only need to prove that for a suitable C independent of we have 

R<2T!{J2\\^t^^\\l+ E \\L3^Ai) + C\\u\\l. (2.22) 

\J\=k j=l j='?o+l 

In fact, if we point our attention at those terms which involve Sju for j < or 
LjU for g'o + 1 < J < then fl2.22p is clear since S carries the corresponding square 
II^^mII^ and ||LjM||^. Otherwise, we note that for j < n — 1 we may interchange Lj 
and 6^ by means of integration by parts: boundary integrals do not occur because 
Lj{r) = onbQ for j < n — 1. As for 5,^, notice that it only hits coefficients whose 
index contains n and hence UnK = on bQ. So 6^{unK)u is also interchangeable 
with UnRLnU by integration by parts. This concludes the proof of Proposition 12.31 

□ 

For the choice = 0, we can rewrite the estimate (12.111) as 

71—1 „ qo 



Q{u,u)> EE/ ^iKUjxdS - EE/ l'"'^!^'^'^ 



qo n 

2 



(2.23) 



for any u E C^{U H n)'' n Dom(9*). 

Observe that if ip e C^{U fl Vt) with Lp\i,^ = on [/ fl then each ||I^jV^|P 
can be interchanged with ||L,y9|p + i? even for j = n due to the vanishing of the 
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boundary integral. Thus, 



n 



(2.24) 



2 

>ll¥'ll?, 



where is the Sobolev norm of index 1. 

In conclusion, we get an estimate which fully expresses the interior elliptic 
regularity of the system (9, d*) 

Q{u,u)>\\u\\l (2.25) 

for any u G C^{U fl Q)'^ with u\unbn = 0. We keep our choice of = 0. Using 
observation fl2.24p for ip replaced by UnK for any K, we get 



n—l „ go 



Q{u,u)> Y Y VijUiKUjKdS - Y ^ / rjj\uj\'^dS 



|i^|=fc-li,i=l \J\=g j-- 

Qo n 

j=i j=qo+i \K\=k-i 



(2.26) 



l|2 

UuKWi 



for any u G C~(f/ H r^)'^ H Dom(9*). 

Conversely, and still under the choice = 0, we have 



n— 1 „ qo 



go n 



(2.27) 



for any w G C^{U fl i^)*"' fl Dom(5*). This inequality is a consequence of the calcu- 
lation in Proposition 12.31 and holds without the assumption of pseudoconvexity. 
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2.3 Q'-pseudoconvex/concave domains 

Let \i{z) < ... < Xn-i{z) be the eigenvalues of {rjk{z))^~^^^ and denote by 
s'Iq{z), , s'^^i^z) their number according to the different sign. 

We take a pair of indices 1 < q < n — 1 and < qo < n — 1 such that q ^ qo- 
We assume that there is a bundle V^" G T^'^bQ of rank q^, with smooth coefficients 
that, by reordering, we may suppose to be the bundle = span {Li, ...,Lg^}, 
such that 

q go 

\j{z) -^rjjiz) > zeUnbQ. (2.28) 

i=i i=i 

We define Q to be g-pseudoconvex or g-pseudoconcave according to g > go or 
g < go- 
Lemma 2.4. Condition (12.281) is equivalent to 

^ n—l Qo 

'Y^TijUiKUjK — ^^^iil'^P ^0 on U nbfl (2.29) 

\K\=k-lij=l j=l 

for any u E C^{U H 0)" n Dom{d*). 

Proof. The proof of the Lemma immediately follows from the estimate 

^ n— 1 q 
\K\=k-lij=l i=l 

for any m G C^{U H fi)^ fl Dom(9*) with equality for a suitable u. In turn, the 
proof of this estimate is obtained by diagonalizing the matrix (vij) (cf. [H65] and 
\Q87i). 

□ 

As it has already been noticed, (I2.28P for q > qo implies \q > 0; hence (12.281) 

is still true if we replace the first sum J2'j=i ' ^j=i ' ^ ^^^^ ^^^^ 

q < k < n — 1. Similarly, if it holds for q < qo, then Ag+i < and hence it also 
holds with g replaced by /c < g in the first sum. 

We notice that g-pseudoconvexity/concavity is invariant under a change of an 
orthonormal basis but not of an adapted frame. In fact, not only the number, 
but also the size of the eigenvalues comes into play. Thus, when we say that bfl 
is g-pseudo convex/ concave, we mean that there is an adapted frame in which 
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fl2.28p is fulfilled. Sometimes, it is more convenient to put our calculatiuons in an 
orthonormal frame. In this case, it is meant that the metric has been changed so 
that the adapted frame has become orthonormal. 

Example 2.1. Let s^{z) be constant for z ^ bQ close to zq] then f l2.28p holds 
for qo = s~ and g = + 1. In fact, we have A^- < < A^-^i, and therefore the 
negative eigenvectors span a bunlde V^" for qo = s" that, identified with the span 
of the first qo coordinate vector fields, yields Yl'j°=i ^ji^) — Sjli "^jji^)- Note that 
a pseudoconvex domain is characterized by s~{z) = 0, thus, it is 1-pseudoconvex 
in our terminology. In the same way, if s~^{z) is constant for z E bfl close to Zq, 
then As-+sO < < As-+sO+i. Then, the eigenspace of the eigenvectors < is a 
bundle which, identified to that of the first qo = s~ + s° coordinate vector fields 
yields fl2.28p for q = qo — I. In particular a pseudoconcave domain, that is, a 
domain which satisfies = 0, is (n — 2)-pseudoconcave in our terminology. 

Example 2.2. Let Q satisfy Z{q) condition at zq, that is, s~^{z) > n — q or 
s~{z) > q + 1 for z E U n bQ. Thus Q is strongly g-pseudoconvex or strongly 
g-pseudo concave at zq 

Example 2.3. Let Q he a. domain in a neighborhood zq with a defining function 

r = 2ReZn - a{zi, Zg^) + b{zg^+i, Zn-i) 

where a and b are real functions which vanish at and such that {ciziZj)jj=i 
and (&^i2j)ij=g„+i are semipositive matrices. We can check that is (go + 1)- 
pseudoconvex and (go — l)-pseudoconcave at zq (cf. Proposition 17. 31 which follows). 

Remark 2.5. By the identity ^j=i = X]j'=i ^jji^)^ "we get 

q qo n—1 (Jo+1 

j=l j=l j=q+l j=n-l 

Therefore, if fl defined by r < is g-pseudoconvex (g-pseudoconcave) at zq, then 
C" \ n = {— r < 0} is (n — g — l)-pseudoconcave {{n — g — l)-pseudoconvex) at zq. 

2.4 Tangential pseudodifFerential operators 

In our study of the (/-A^)'^-estimates, we use tangential pseudo-differential 
operators in a neighborhood of Zq G bQ. These are expressed in terms of boundary 
coordinates which are defined as follows. 



23 



Tangential pseudodifFerential operators 



Definition 2.6. A system of real C°° coordinates, defined in a neighborhood U 
of zq e hVl is said a system of boundary coordinates if one of the coordinates is 
the defining function r. We denote such a system by (x.r) = (xi, X2n-i- ''") G 
]^2n-i g^j^j ^^YY ^j^g ^^.?g ^j^g ian^'entia/ coordinates and r the normal coordinate. 

We denote the dual variables of x by ^, and define x-^ — ^ Xi^j; |CP = C|- 
For (p e C^{U n we define the tangential Fourier transform of </?, by 

(^(e,r)= / e---«(^(i,r)cii. 

jR2n-l 

Denote by = (1 + the standard "tangential" elliptic symbol of order 1 

and by A the operator with symbol A^. For / e C°°([l, +oo)) we define f{A)ip by 

/(A)^(e, r) = (27r)-(2"-i) ^ e"-«/(A«)^(C, r)ciC. (2.30) 

Hence 

ll/(A)^ir=r / /(A5)^|^(e,r)rderfr. (2.31) 
In the case f{t) = i*, s e R, we define tangential Sobolev norms by 

lll<^lll.= IIAVII (2.32) 

Lemma 2.7. Let f,g E C°°([l,+oo)) satisfy f ^ g. Then, for any e > and 
s e R"*" t/iere exisfe a constant Ce,s such that 

\\g{AM'<e\\f{AM' + C,M\t, 

for any cp e C~(C/nQ). 

Proof. Since f ^ g, that is, lim = +cxo, then for any e > 0, there exists 
a constant > such that g{A^) < e/(A^) for \^\ > t^. Hence 



g{m?=l I g{A^fm,r)\'drdi+ I f g{A^rmi,r)\'drdi 
<ef [ f{A^rm,r)\'drd^+ r [ giA^rm,r)\'drdC 

J-ooJ\e,\>U J-ooJ\^\<U 
|2 I lll„.ll|2 



<e\\f{A)^f^C,M^\ 



□ 
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In M^" = {{xi, ...,X2n)\x2n = T < 0}, the Schwartz space S is the space of 
smooth functions which decrease rapidly at infinity 

S = {f e C°^(M^")| sup < oo for any 

where a and (3 are 2n-indices and = ■ ■ ■ Recall the class of functions 

J-" defined by 

T={fe C°^([l,+oo) fit) < V^-fit) > and < K / 1 } 

for any m G Z+. 

Proposition 2.8. Lei f E J-'; a E S(M.'^); s E M; and S be the a vector field with 
coefficients in S{M.'^). Then, we have 

(^) lll[/(A),«]¥'lll.<lll/(AVIII.-i; 

(ii) |||[/(A),^]¥.|||,< |||/(AV|||, + |||DJ(AV|||,_l; 
/or any ^ E C^°°(f/nO). 

Proof. Let cr{A) denote the symbol of operator A. We have 

a{[A, B]) = y2 - {d/dO''a{B)D^MA) _ ^2.33) 

fc>0 

(Notice here that the k = term cancels out.) Using formula (12.331) for A = /(A) 
where f E T and B = a E 5(]R^"), we obtain 

k([/(A),«])l<^(A-V(A))- 

The second part of this proposition immediately follows from the first part if we 
notice that S = Yj^ ak{x, + b{x, r)^. 



□ 



Proposition 2.9. For f E , we have the estimate 



90 



iiA-v(A)^ii?<$^iiM"V(A)^f + ii4-A-V(A)^ir 

+ ||A-V(A)^ir + ||A-i/V(A)v^,||^ 

for any if E C^{Unn). 
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(2.34) 



Tangential pseudodifferential operators 



The above proposition is a variant of Theorem (2.4.5) of jFK72j . The key in 
proving this theorem is a passage from functions in C°°{U fl Vt) to C°°{U fl bQ). 
This is done by using an extension of from UCibQ to U flO. For G C^{U (IbQ), 
we define G C~({(x,r) G R^^jr < 0}) by 

^('=)(x,r) = (27r)-(2"-i) /" e*-5eKi+lSP)i/^^(^^^)rf^ 



so that ^^^\x,0) = ip{x). 

Lemma 2.10. For each A; G Z with /c > 0, s G M and f E , we have 
(t) |||rV(A)^('^)|||. = C,||/(A)^||,,,_,„i 

(tt) |||Z}./(A)^('=)|||.-||/(A)^L,,+ i 
for anyipe C^{U nbn). 

Proof, (i). We observe that for every positive integer /c, we have by integration 
by parts 



^2fcgr(i+|cP)V2^^ ^ ^ len-'^-i (2.35) 

J —oo 

Hence, 

|||rV(A)^(^)|||^ = r / r2'^e^^(^+l«l^)^^^l + mf{{l + I^H^/') VlOP^^rfr 

J-OO JR2n-l 

/ (1 + ier)^-'-^/((i + \ef"fm)?di ^^.se) 

JlR2n-l 



=C^^III/(A)^||lL-.-i- 



(a). Since the derivative does not affect the variables in which we take the 
Fourier transform, the two operations commute. Hence 

|||DJ(A)^(^)|||^ = / r (l + |^|2)7((l+|^|2)l/2)2 

x(l + |er)e^'-(^+l^l^)^^^|^(e,0)rdrrfe 

= \ I /((i + ieP)^/^)^(i + ier)^^^/^i^(e,o)prfe 

= ^ll/(A)V^lll-.i- 
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Chapter 2. Background 



The lemma is proved. 

□ 

Proof of Proposition Instead for the system {Lj}j<g^ U {Lj}q^+i<j<n, we 
prove the theorem for a general elliptic system {Sj}i<j<n where the S/s are vec- 
tor fields in CTC". This means that there exist no e T*C" \ {0} such that 
{Sj, ri)x = for all j = 1, n. 

Assume for a moment that ip{x,0) = 0, (i.e, (p\f,Q = 0), which implies that 
A^^ f{A)(p{x, 0) = since the boundary condition is invariant under the action of 
tangential operators. Now, f l2.24p holds for a general elliptic system; this yields 

n 

l|A-V(A)¥^||? < E {\\SjA-'mv>r + ||^,A-V(A)^ir) + \\A-'fiAM' 

(2.37) 



2 



Next, consider a general (f. Let (pb be the restriction of ip to boundary, that is, 
Pb{x) = p{x,0). We set (p^^^ = — V^^^- Then, p^'^^ vanishes on the boundary so 
that the previous result applies to p^'^\ We then have 

n 

ll/(A)v^(°)f < E ||5,A-V(A)^(°)f + ||A-V(A)^(°)ir. (2.38) 
i=i 

Therefore 

l|A-V(AM? <ll/(AV(°)f + ll/(AV(^)f 

< E l|5.A-V(A)^(°)f + ||A-V(A)v.(°)f + \\f{A)p^n' 
i=i 

n 

< E (ii^^-^"V(A)^ir + ii^,A-v(A)^(^)|i^^ 

+ ||A-V(A)^f + ||A-V(A)^(^)f + ||/(A)vp(^)f 

n 

<El|5.A-V(A)^f + ||AA-V(A)^(^)f 

+ ||A-V(A)^||2 + l|A-V(A)^(^)f + ||/(A)v9(^)f , 

since the S/s are linear combinations of the tangential derivatives gf-'s and of 
. Using Lemma [2.10[ \\DrA^^ f(A)Lp^^^\\'^ and [[/(A)!/)*^"^) p are also estimated in the 



(2.39) 
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Tangential pseudodifFerential operators 



same way. This concludes the proof. 

□ 
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Chapter 3 

(/-A^)^-estimate : a sufficient 
condition 

In this chapter, we give the proof of Theorem ll.lOi 

3.1 Reduction to the boundary 

Since the Property {f-Ai-P)^ only concerns , the tangential component of 
M, we first prove the (/-A^)-estimate for , that is, 

\\f{K)Mu^\\''<Q{u\u^) + CM\\W\\W. (3.1) 

As a first step, we reduce the estimate fl3.ip to the boundary by the following 

Theorem 3.1. Let Vt he q-pseudoconvex (resp. q-pseudoconcave) at a boundary 
point zq. Then, there is a neighborhood U of zq such that 

\\f{X)Mu^f < Qiu^u^ + Cm\\\u^\\\\ + \\A~'/'fiA)Mul\\l (3.2) 

for any u G C^{U fl VlY H Dom{d*) and k > q (resp. k < q ). 

Before the proof of Theorem 13. we need following lemma 

Lemma 3.2. Let Q be the q-pseudoconvex (resp. q-pseudoconcave) at boundary 
point Zq. Then, there is a neighborhood U of zq such that 

<?o n 

^'(5]||L,«jf + J2 \\L,ujf + \\a,A-'ujf + \\ujf)<Qiu,u) (3.3) 

\J\=k j=l j=qo+l 

for any u G C^{U fl 0)^ fl Dom{d*) with k > q (resp. k < q ). 
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Reduction to the boundary 



Proof. We only need to show that 

Y^\\DrA-'ujf<Qiu,u). 

\J\=k 

Since Dr = aLn + bT where a,b E C°°{Q) and T is a tangential operator of order 
1, then 

WDrA-'ujf < WL^ujf + WTA-'uf < WL^ujr + Wuf < Q{u, u). 

□ 

Proof of Theorem{3Ji Applying Proposition [23] for (p = Mu' G C~(f/ n fi), 
we get 

Qo n 
j = l j=qc + l (3.4) 

+ \\k-'f{k)MuT+\\k-^l^f{k)Mul\\l 
Let S E {Lj}j<g^^ U {Lj}g„+i<j<n. 

Case 1. If = Mp, where p G v4^'° and M is either every positive munber 
or 1, then 

Mu'' := M\p\\u^\; 

it follows 



||^A-V(A)-M«nP =M25^'||^A-V(A)p« 

\j\=k 

<M2^'(||pA-V(A)S' 

\j\=k 

+ ||p[S,A-V(A)Mf + ||[5A-V(A),pK.f 

<M'Y^ (\\A-'fwsu}r + \\A-'f{A)u:,r + p.a-via)^.} 



iji=fc 



\j\=k 

<Qiu\u^) + CM\\\u}\\W, 



where the second inequality follows from Proposition 12.81 the fourth from Lemma 
12.71 and the last from Lemma 13.21 
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Case 2. Let Ai = M6, where 6 G A^'^ and M is either every positive number 
or 1. Remember that 



Mu^ :=M 



Qo 



I E' lE^^-^ii^i'-E'Ei^^-i'Kil (3-6) 

\K\=k-l j=l \J\=k j=l 



In the same way as in case 1, we get 

\\SA''f{A)Mu^f < Qiu\un + CmWKWW. 
This completes the proof of Theorem I3.1[ 



□ 



Remark 3.3. We notice again that we put Cm '■= Cm if M is every positive 
number and Cm := if M = 1. 



3.2 Estimate on the strip 

In this section, we show the Property (/-A^-P)^ implies a related estimate on the 
5-strip near the boundary for each 6 > 0. 

Recall that Ss := {z e : -6 < r < 0}. 

Theorem 3.4. Let Q be q-pseudoconvex (resp. q-pseudoconcave) at the boundary 
point zq. Assume that property {f-Ai-P)^ holds at zq with k > q (resp. k < q). 
Then, there is a neighborhood U of zq such that for any 6 > 

f{5-^f I \Mu^\HV <Q{u\u^) (3.7) 

J Si/2 

holds for any u E C^{U n n Dom{d*). 

To simplify, define the quadratic form iY* (u) by 

^ n Qo 
\K\=k-lij=l j=l 



Proof of Theorem 3^. The proof is divided into two steps. In step 1, we mod- 
ify <|)'5'-^ to ^"^'-^ which has the property that we need not only on the strip but 
also on the whole fl. In step 2, we prove the estimate 03.71) . 
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Estimate on the strip 



Step 1. By our assumption, for any 6 > sufficiently small, there is a function 
^^'■^ such that 



where = Lj{^^ 



onUnSs (3. 



Now, u'^ has support in U but the properties of ^^'^ only hold on the strip 
Ss- Therefore, we have to modify ^^'-^ to ^^'^ to get the properties on the whole 
U. 



We define 



^SM $^-^^(_^), (3.9) 



1 for t < I 
for t > 1, 



where x is a cut off function which satisfies x(^) 
and X ^ 0. 

Computation of dd^^'^ shows that 
Qd^&M =^QQ^SM _ ^L^ddr - 2 Re 4^$^'^ ® 9r + ^^r^dr ® dr. (3.10) 

0^ 



Notice that, if ? or j is < n — 1, then 
We remark that {dr, u^) = and therefore 

Hfriun = xHfriun - ^Hiiun. (3-11) 

We note now that we can write r = 2ReZn + h{zi, ?/„) for a graphing local 
defining function. Denote hj z ^ z* the projection C" bQ in a neigborhood 
of zq along the x„-axis. We have the evident equality irij{z))'1~'^ = irij(z*))^~}^. 
Thus the second term in right hand side of (13.111) can be discarded since Cl is 
g-pseudoconvex. (Recall here that x < 0.) 
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Combining with f l3.8p . we have 



qo V / — ^ go 

go 



>c[xf{s-'r\Mu^\'+f2\^f^^'\ 



(3.12) 



for z E U n Q. Here last inequality follows from = x{^^'^)j for j ^ Qo 

and X > X^- 

Step 2. We apply Proposition 12.31 for = ip(^^'-^) and u = . First, we 
remark that 



n — 1 90 



5,A^|2i T|2 



(3.13) 



\K\=k-l 3=1 3=1 

We also have 

n-l 

\\d;u%<2\\d*u% + 2\\ Y! Y.^3^]k^k\\1 

\K\=k-l 3=1 
n-l 

=2\\d*u% + 2 WY^^^'u^kWI- 

\K\=k-l 3=1 



(3.14) 



Thus we get from (12. lip applied to u"^, under the choice of the weight (p = ip(^^'^) 
and taking into account (I3.13P and (I3.14p 

2\\du^\\l+ 4\\d*u% + C\\u^\\l 

> [ ^e-^Hf:^^{undV 
Jn 

» n— 1 

+ /(V^-4^2)e-* \J2^f''''^jK\'dV (3-15) 

■^^ \K\=k-l j=l 



3=1 



We now specify our choice of ip. First, we want ip > Aip"^ so that the term in 
the third line of (I3.15P can be disregarded. Keeping this condition, we need an 
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opposite estimate which assures that the absolute value of the second negative 
term in the last line of fl3.15p is controlled by one half of the term in the second 
line. In fact, from fl3.12p . we have 



JQ. 



(3.16) 



The above term is nonnegative as soon as ip < ^tp . \i we then set ip := ^ea^* ^) 
then both requests are satisfied. Thus the inequality of fl3.15p continues as 



1 



2 



> ^ / ^lje-^Hl-{u^)dV 



1o 



> I \^e-^cf{5"^fx{-'-)\Mu^\''dV (3.17) 

> -/(5"')' I i^e~^\Mu^\^dV. 

2 ^54/2 

Here the first inequality comes from fl3.12p and the last equality follows from 
= 1 on Ss/2- 

Now, we want to remove the weight from the resulting inequality. The weight 
in the first line of f l3.15p can be handled owing to e"*^ < 1 on QdU. Furthermore, 
since l^^'-'^l < 1 on f/, then the term 'tpe~'^ in the last line of f l3.17p is bounded 
from below by a positive constant. We end up with the unweighted estimate 



Wdu^f + \\d*u^f + \\u^f > f{6-y I \Mu^\^dV. (3.18) 

~ JSs/2 

This concludes the proof of the theorem. 



□ 



3.3 Proof of Theorem 1.10 

In this section, we give the proof of Theorem 1 1.1 01 We first prove it for u replaced 
by . 
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Theorem 3.5. Let Q be q-pseudoconvex (resp. q-pseudoconcave) at zq G bQ and 
assume that Property {f-Ai-PY holds at zq. Then, we have 

||/(A)A^n-f < Q{u\u^) + C^llln^lll^ (3.19) 

for any vT' E C^{U fl il)^ fl Dom{d*) with k > q (resp. k < q). 

For the proof of Theorem 13. 5[ we use the method by |C87] . 
Let {pk} with A; = 0, 1, ... be a sequence of cutoff functions with the properties 

1- Er=oP'W = l;foranyt>0 

2. pkit) = if t ^ (2'="\ 2^+1) with A; > 1 and poit) = if t > 2. 

We can also choose pk so that p'^if) ^ 2^^. 
Let Pk denote the operator defined by 

(i^)(e,r)=p,(|e|Me,r) 

for any (p G . To prove inequahty (13.191) . we need the following 

Lemma 3.6. Let zq G bQ, f E , a E S{E?;^) and let S be a vector field. Then, 
for any smooth if with support in a neighborhood of Zq, we have 

(^^) Er=o/(2'^)'ll[^fc'«]^lP ^ ||A-V(A)^|p; 

Proof, (i). We have 

ll/(A)¥^ir = f I f{hd'm,r)Mdr 



/(a^)'(Ep^(I^I))|^(^'^)I'^^^' 



k=0 



since Y.kLoPk = 1- We notice that = (1 + I^H^/^ = 2^= as long as |^| is in the 
support of Pk- Thus, it follows 

||/(A)n|p = J2 / f{2'r\Pk{rM^,r)\'d^dr 

oo 

= 5^/(2^)^||P.nf. 

fc=0 

(a). We can choose another sequence of cutoff functions {qk}'kLo such that 
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1. qk = 1 on supp(pfc) ; 

2. quit) = if t ^ (2^-2^ 2^+=^) with A; > 1 and qo{t) = 0, t > 4. 
Then 

\Pk{x)-pk{y)\<2-\k{y)\x-y\ (3.20) 
for any x,y > 0. Observe that 

{[KM¥>m,r)= I (pfc(|e|)-Pfe(|r|))S(e-r,r)<^(r,r)dr. (3.21) 

Using (I3.20p . and Plancherel Theorem together with Young's Inequahty, we get 

\\[P,,aM^ <2~^^QM? (3.22) 

where Qk is the operator with symbol 5'fc(|^|). Muhiplying fl3.22p by /(2^)^, tak- 
ing summation over A; = 0, 1, ... and using the resuh of (i) for /(|^|) replaced by 
KI^V(I^I) and Pk by Qk, we get the conclusion of (ii). 



(in). The proof of (iii) follows immediately from (ii) by observing that S 



□ 



Proof of Theorem \3.5[ By Theorem 13. we only need to estimate || A ^/^/(A) {Aiu'^) 
Let Xk e (-2-^ 0] with < Xfc < 1 and Xfc(O) = 1. 



We have the elementary inequality 



<- [ \9{r)\'dr + 2-S / \9'{r)\'dr, (3.23) 

which holds for any g such that g{—2^^) = 0. If we apply it for g{r) = \\xk{f)Pk-M.u'' 
we get 



\A-'/'f{A){Mun4l ^ 5^/(2^r2-ix.(0)P.M«^(-,0)||^ 

k=0 

oo „o 

< v-'y2fi2'r / \\xkPkMu^i.,r)fdr 



fc=0 



+r7 5^/(2'=)22'2fe / \\D,.(^XkPkMu^{.,r)^rdr, 

k=0 J -2 >= 



II 
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where the first foUows from (i) of Lemma 13.61 and the subsequent "<" from 
f l3.23p . Observe that Xfc < 1 and recall Theorem 13.41 that we apply for PkM.u^ and 
5 = 2~^. Thus the first sum (I) above can be estimated by 

oo 

(3.24) 



fc=0 
oo 

T\\2 



< WPkdu^' + \\Pkd*u^r + II [Pk. d]u^\\^ + II [P,, d* 

k=0 

<Q{u\u^) + \\A-'DrU^f, 



where the estimate of the commutators follows from Lemma 13.61 We remark that 
DrU'^ can be expressed as a linear combination of LnU'^ and Tu'^ for some tangential 
vector field T. Then, similarly as in the proof of Lemma 13. 2^ we have 



\A-^Dr{u^)\\^ < ||A-^L„u"||2 + IIA-1WI2 



< \\L„u^r + \\u^ 



Therefore, 



iI)<Qiu\un. 

We now estimate (II). Since Drixk) < 2^, -D^-Pfc = PkDr and Xk < 1, we get 
(//) <y^f{2'f2-^' / \\Dr{xk)PkMu^{.,r)\\Hr 

+ / \\xkDr{PkMu^{.,r))\\^dr 

oo „o 

fc=0 "^"2^ 
oo „o 

+ Tfi2''f2-'' / \\P,Dr{Mu^{.,r))rdr 



<>\f(2'=)2 / ||p,A^„-(.,r)||2dr 

fc=o 

oo 

l2. 



(3.25) 



k=0 

< \\fiA)Mu^' + \\fiA)A-'Dr{Munr, 



where the last inequality follows from Lemma 13.61 We now estimate the second 
term in the last line of fl3.25p . Since Dr = aLn + bT, as before, we obtain 

\\f{A)A-'Dr{Mu^)r < \\f{A)A-'L^Mu^\\' + \\f{A)A-'TMu-\\' 

< \\Lr.u^\\+CM\\\u^\\\-i + \\fiA)Mu^\\'' 

< Qiu\u^) + CM\\\u^\\t, + \\fiA)Mu^\\^. 
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Combining all our estimates of ||/(A)A ^^'^{Aiu'^)b\\l, we obtain 

\\fiA)A-'/'Mul\\l<r]-'(Qiu\u^) + \\u^f + CM\\\u^\\\\) + v\\f{^)Mu^\\'. 

Summarizing up, we have shown that 

\\fiA)Mu^\\<V-'Qiu\un + CM\\u^\\-,+v\\fWMu^\\'. 

Choosing rj > sufficiently small, we can move the term r/l |/(A)A^u'^| p into the 
left-hand-side and get 

\\fiA)Mu^\\' < Qiu\u^) + CMlWu^Wtv 

The proof is complete. 

□ 

The proof of Theorem 11.101 follows from Theorem 13.51 and the following 

Lemma 3.7. Let Q be q-pseudoconvex (resp. q-pseudoconcave ) at zq and U be a 
neigborhood of zq. For each u G C^iU fl VtY H Dom{d*) with k > q (resp. k < q), 
assume that {f-M)^ holds for . Then, (f-Ai)^ holds for u. 

Proof. Observe that u'^\bn = 0; from fl2.26p it follows 

Q{u^,un<\\u^\\l<Q{u,u). 

On the other hand, 

\du^\\ = \\d{u - u")]] < \\du\\ + Wdu^W 
\d*u^\\ = \\d*(u - u")]] < \\d*u\\ + Wu^W. 



Hence 

m") < Qiu, u) + Q{u\ u') < Q{u, u). (3.26) 

Therefore, 

\\f{A)Mu\\ <\\f{^)Mu^\\ + ll/(A)A^«1l 

<Q{u\u^) + CM\\\u^\\ti + hll? + CmWWWW (3.27) 
<Q{u,u) + 

Finally, we remark that 

<^A^II|w|||-l S\Dr^'M\'^CM\\u\W 



<Q{u,u) + Cm\\u\\\- 
This completes the proof of Lemma 13. 7[ 



(3.28) 



□ 
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3.4 Some remarks about [f-M-Y 

In this section we make some remarks about {f-Ai)^. 

We recaU that we write f ^ g when lim = +oo. 

Lemma 3.8. Assume that {f-M.Y holds for f ^ g. Then for any e > 0, (g-^M)'' 
also holds. 

The proof of the lemma follows from Lemma 12. 71 

For example, if / ^ log, then (/-l)^ estimate implies the superlogarithmic 
estimate. Similarly, if / ^ 1, then the (/-l)'^ estimate implies the compactness 
estimate. 

Lemma 3.9. Let M' = M on bQ. Assume that {f-MY holds; then {f-M'Y o,lso 
holds. 

Using fl2.25p . we get the proof of this lemma. 
Lemma 3.10. If the {f-AiY estimate holds, then we have 



|2 



||D,A-V(A)(A^n)f < Q{u,u) + Cm\\\u\ 
for any u G C^{U H Vtf H Dom{d*). 

Proof. There are functions a and b such that 

Dr = aLn + aT, 
where T is a tangential operator of order one. Therefore 

\\A-'f{A)-^Muf <l|A-V(A)^n(-M«)f + l|A-V(A)TA^«ir 
<\\Lnu\\'+\\fiA)Muf 
<Q{u,u) + Ca4||m||?_p 

This completes the proof of the lemma. 



(3.29) 



□ 



It is interesting to remark that when VL is pseudoconvex (resp. pseudo concave), 
then {f-M-Y implies {f-M.Y^^ (resp. {f-M.Y~^). Notice that the similar result is 
not clear when VL is g-pseudoconvex (resp. g-pseudoconcave) in case 7^ (resp. 
Qo^n - 1). 
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Lemma 3.11. Let Vt he pseudoconvex (resp. pseudoconcave) at zq G hVl and as- 
sume that {f-M-Y holds. Then, (f-M)''^^ (resp. (f-M)''^^) also holds. 

Proof. We first discuss the pseudoconvex case. Let u = Yl' '^l^l have degree 

|L|=fc+l 

k + 1. We rewrite u as a non-ordered sum 

1 >r^' _ (-1)'' / 1 v^' - \ 

" = L ---^ = ITT ^ I^N^"'^"^) 

^ ' \L\=k+l 1=1 

For / = 1, . . . , 72, we define a set of fc- forms vi by f/ := Yl' '^u^J- It is easy to see 

\j\=k 

n n 

that Y.\'"i? = {k + and Yl Yl' rij{vi)iK{vi)jK = ^Y' njUijUjj. 

1=1 /=l|ii'|=fc-l \J\=k 

Using we have 

n n n „ 

^Qivi,vi) c^^(^^\\LjVif + / rij{vi)iK{vi).j^dS +\\vl\ 

1=1 j=l ij \K\=k-l^^^ 

n „ 

i=l ij \J\=k'^^^' 



1=1 1=1 j=l ij \K\=k-l ' 

n 

, — , _ — _/ ; 

TijUijUjjdS +{k + l)\\u\ 

i=i ij \J\= 

~ (/c + l)Q{u,u). 

If Me then 

n 

J2\\fWMvif = {k + l)\\f{A)Mu\ 
1=1 

If M G we have 



.30) 



u\ 



|2. 



J2\-^^^\" = I1 E' \M,{v,),K\' = kJ^\M,u,j\' = k\M 

1=1 1=1 \K\=k-l \J\=k 

then 

n 

j2\\fWMv,r = k\\f{A)Mur. 

1=1 

We discuss now the pseudoconcave case. Let u = Y' ukoJk have degree k — 1. 

\K\=k-l 

For 1=1,. ..,n, define vi = Y' '^k^k A uu this has degree k. Then the proof 

\K\=k-l 

follows the same lines as in the pseudoconvex case. 

40 



Chapter 3. (/-A^)*'-estimate : a sufficient condition 



□ 

So far, only local estimates have been treated. If one goes to the full boundary, 
one has to consider local estimates over a covering. In fact, only on each local 
patch, the pseudodifferential operator /(A) makes sense. Instead, the multiplier 
A4 has global meaning and thus a "global Ai estimate" is meaningful. One readily 
checks that this comes as the collection of the local estimates. 

Theorem 3.12. Let Q be a bounded pseudoconvex domain. Assume that for mul- 
tiplier A4 there exists a family {$^} such that 



\dd<!>^{u^,u^) > \Mu 



^ on bn. (3.31) 



Then, 



\\Muf < \\duf + \\d*uf + CmMI, (3.32) 
for any u G C°°(fi)^ H Dom{d*). 

The proof of Theorem 13.121 follows from Theorem 11.101 and elliptic estimate 
for the interior of domain. In fact, from (13.311) one gets, when z leaves bQ and 
enters in Q, an error term proportional to — ||rM'^|p. Since < Q{ru^ ,ru^) 

(by ellipticity in the interior), the error term can be absorbed. 

We notice that this can be obtained directly (without using Theorem 11.101) by 
the global method such as in Catlin |C84] . 

Remark 3.13. The inequality (I3.32p is trivial when M. is bounded. 
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Chapter 4 

The {f-Mf estimate on the 
boundary 

In this chapter we study the behavior of the boundary value of forms associated to 
the 9-Ncumann problem. Precisely, we establish a relation between the {f-A4)'^- 
estimate on fl and bfl. 

4.1 Definitions and notations 

Let M be a smooth real hypersurface in C". We start by denoting by A^'^ the 
space of restriction of element of A'^''' fl Dom{d*) to the boundary bfl. Then A^''' 
is the space of smooth sections of the vector bundle (T°'^(M)*)'^ on M. 

The tangential Cauchy-Riemann operator df, : A^''' — )■ A^''''^^ is defined as fol- 
lows. If M G AI'^, let u' be a (O,k)-form whose restriction to M equals u. Then dbU 
is the restriction of du' to M. 

Let Zq & M and U he a neigbourhood of Zq] we fix a defining function r of 
M such that \dr\ — 1 on U (1 M. We assume that fl is one of the two sides of 
C" \ M in a neighborhood of zq. Let Li, ...,Ln be the local basis for (1,0) vector 
fields defined in U, as defined in Chapter 1. 

We can define a Hermitian inner product on A^"'^ by 

{u,v)b^ / {u,v)dS, 
where dS is the surface element on M. The inner product gives rise to an L2-norm 
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In analogy with Chapter 2, we define to be the L^-adjoint of db in the 
standard way. Thus B; : A^,'''^^ for A; > 0. The Kohn-Laplacian is defined 

by 

□5 = BbB; + B;Bb. 

Remember that we have already defined 

Qb{u, v) = {BbU, Bbv)b + {B^u, Blv)b + {u, v)b. 

Denote C^{U n M)^ the forms of A^"'' with compact support in U. Let u — 
ujuj e C^{U n M)'^; then on M, the operator Bb and B^ are expressed by 

|j|=fe 

^ n— 1 

BbU = ^ ^ LjUjCUj Au}j + ... (4.1) 

\J\=k j=l 

and 

= - X] ^j'^jK^K + ... (4.2) 

|i<:|=fe-i j 

where dots refer the error terms in which u is not differentiated. 

In U , we choose special boundary coordinate (xi, X2n-i, t). Let = (,^1, ^2n~ 
= (^', ^2n-i) be the dual coordinates to {xi, ...,X2n-i}- We also decompose {xi, ...,X2n 
= (x', X2n-i) SO that Tj^M is defined by X2n-i = in T^gM. Let V'"^ + + = 1 
be a C°° partition of the unity in the sphere |^| = 1 such that ip^ arc 1 at the 
ploles (0,...,±1) and at the equator, that is, at C,2n-i = 0. We extend these 
functions to M^"~^ \ {0} as homogeneous functions of degree 0. We may assume 
that the supports of the functions ip~ and -0° are contained in the cones 



C- ={^\ - ^2n-l > 

c ={e|ie2n-ii < le'i}. 

Then suppV'+ CC C+, supp^'" CC C" and suppV'° CC C°. 

± ± 
The operators ^ = with symbols t/j — ip^ are defined by 

= mm for e C^{U n M); 



(4.3) 
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v|/<^(e,r) = ^(0<^(e,r) for ^eCTiUnO). 

The microlocal decomposition = (/?"^ + yj" + of a function ip G C^{U fl M) 
is defined by 

where C G C°°(f/'), U CC f/' and C = 1 on U. 

For a form u, the microlocal decomposition u = + u~ + is accordingly defined 
coefficientwise. We recall some definitions from Chapter 1. 

Definition 4.1. If M is a hypersurface and zq G M, then a (/-A4)^ estimate for 
{db, dl) holds at zq if there exists a neighborhood U of such that 



{f-M)l \\f{^)Mu\\i < cQbM + Cm\\u\ 



6,-1 



for all u e C^{Ur\Mf. And an {f-M)l^_^- (resp. estimate for {db,dl) 

holds at if holds with m replaced by -u"*" (resp. -u"), that is, 

U-M)l+ \\f{k)Mum < cQbiu+,u+) + Cm\\u+ Wl-i 

(resp. 

if-M)l^ \\fiA)Mu-\\l<cQbiu-,u-) + CM\\u-\\l_,. ) 

Definition 4.2. The hypersurface M is said to be g-pseudo convex at zq if either 
of the two components of C" \ M is g-pseudoconvex at zo- 

Denote by = {z & U\r{z) < 0} the g-pseudo convex side of M and by 
the other one. By Remark 12. 5[ = {z ^ U\ — r{z) < 0} is (n — g — 1)- 
pseudoconcave at zq. Remember that we are choosing ui, . . . ,a;„_i,u;„ = dr as 
an orthonormal basis of (l,0)-forms. We also use the notation = ±dr for the 
exterior conormal vectors to fi^. We define T = |(L„ — L„) and ^ = ^{Ln + Ln). 
It follows 

L^ = — + T and I„ = — - T. (4.4) 

or or 



4.2 Basic microlocal estimates on 

In this section we prove the basic microlocal estimates on hypersurface. 
In a similar way as in Proposition 12. 3[ we get 
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Lemma 4.3. For two indices qi, ^2 ; (1 < ^Zi < 92 < "n. — 1), there is a constant C 
such that 



n-l 



\K\=k~lij=l \,J\=kj=qi 

^ n-l 52 



(4.5) 



\J\=k j=l 

Note that, conversely, we have 



J =92 + 1 



J=9i 



< 



92 



\K\=k-lij=l \J\=kj=qi 

9i-l n-l 92 



(4.6) 



\u\ 



by 



\J\=k j=l i=92+l J=9i 

for all M e C^iU n M)'^ for any k. 

Lemma 4.4. Let M be a hypersurface and Zq a point of M . Then there is a 
neighborhood U of zq such that 

Q,{u\u')^\\uX,,, 

for all u e C^iU D Mf with any k. 

Proof. Using twice the inequality (14. 5 p for gi = 52 = and qi = Q,q2 = n — 1 
and taking summation, we get 

*„,l|2 



\\d,u\\i+Wbu\\i + \\u 



n-l 



n-l 



> ^{rijTuiK,UiK)b-^^{rjjTuj,Uj)l 

^ \K\=k-lij=l \.J\=k j=l 

^ n-l n-l 



(4.7) 



\J\=k i=i 



\J\=k j=l 



>\\h'u\\l-{e + dmra{U))\\Tu\\l-C, 



\u\ 



bi 



where A' is the pseudodifferential operator of order 1 whose symbol is (1 
Y^j=i^ l^jP) 2 . To explain the last estimate in ( 14. 7p . observe that Lj\zQ = V2d, 



J 
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1, n — 1 and that the coefficients of the L^'s are C^; therefore, the third line of 
(14. 7p is bounded from below by ||A'm|P — diam(f/)||TM||^. Apply (14. 7p for vP and 
notice that ||A'm°||^ > ||Tm'^||^. Taking U and e suitably small, we conclude 

Q,{u\v^) >\\^'uX>\\^uX■ 
On the other hand, the converse inequality is always true. 

□ 

Lemma 4.5. Let M he a q-pseudoconvex hypersurface at zq. Then, for a neigh- 
borhood U of Zq, and for C' = 1 over supp{Q and ip"^' = 1 on suppip"^, we have 

n— 1 

\K\=k-lij=l 

go 



\J\=k j=l 



(4i 



\J\=kj = l \J\=kj=qo + l 

for all u G C^{U fl M)^ with k > q, where is the pseudodifferential operator 
of order 1 whose symbol is ^2n-i4'^ ' iC) ■ Similarly, we have 
Q,{u',u~) + \\C^~u\\l. 



n-l 



\J]=kj=qo + l 



in) W _ _ . (4.9) 

\K\=k-lij=l 

go n-l 

|J|=fci=l \j\=kj=go+l 

for any u G C^{U fl M)'' with k < n ~ 1 — q, where R~ is the pseudodifferential 
operator of order 1 whose symbol is {—^2n-i)'^4^^'{.i)- 

Recall that, since M is g-pseudoconvex at Zq, then there is a defining function 
of M which satisfies on M 

^ n—l go 

E E ^'ij^iKUjK - E ^jM^ > 0' 
\K\=k-lij=l j=l 
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for any u G C^{U fl M)^ with k > q, and also satisfies on M 

n—l ^ n— 1 

j=qc+l \K\=k-lij=l 

for any u G C^{U fl M)^ with k < n — q — 1, where f/ is a neighborhood of 2:0- 
Proof, (i). We have 

Since the supports of symbols of and [C, (\E'^')^] are disjoint, the operator 
[C, (\E''''')^]\E'''' is of order —00 and we have 

= (r.,T(vi/+')'c^v, c^V). + om^^\\i_j 

= ((0%i?+*i?+c^V,C^V)6 + o(||vi>vlltoo) (4.10) 

+ ([(c')%,i?+ii?\^v,c^V).+o(i|vi/viitJ. 

From the pseudodifferential operator calculus we get 

([C%, /?+*]i?+Cvl/V, C^».l < llv'+ll^ (4.11) 
Substituting u or uj for ip in (14.101) . we obtain 

|_ft:|=fc-iii=i |j|=fci=i 

n-1 go ("4 ]^2) 

|iC|=fc-ljj=l |jj=fcj=l 



+o{\\um)+om^ 



u\ 



6,-00/ 



Since M is g-pseudoconvex, then the sum in second line in (14.121) is nonnegative 
if A; > g. Thus the first part of Lemma 14.51 is proven by applying Lemma 14.31 to 
ti"*" with gi = and q2 = qo- 

(a). The proof of the second part is similar. We have to notice that 

^ n— 1 ^ n—l 

\K\=k-lij=l \J\=kj=qo+l 



n—l n—l 



\K\=k-lij=l \J\=kj=qQ+l 

+ 0{\\u-\\l) + 0{\\^-u\\l_J, 



- -,.(4.13) 
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By Remark (12.51) . the second line is nonnegative for any /c-form u with k < n — q—1 
and this concludes the proof. 

□ 



4.3 Basic microlocal estimates on and Q 

In this section, we prove the basic microlocal estimates on and . We begin 
by introducing the harmonic extension of a form from bQ to Q following Kohn 
[K86] and [K02] . 

In terms of special boundary coordinate {x, r), the operator Lj can be written 

as 

k 

for j = 1, ...,n. We define the tangential symbols of Lj, 1 < j < n — 1, by 

a(Lj)((a;,r),0 = ^ ^ (x, r)^^, 

k 

and 

a{T){{x,r),0 = K(^'^) ~^"(^''^))^'^- 

k 

Note that <j(T) is real. We set 

a,(L,)(x,e) = fT(L,)((x,0),O and or,(T)(x, = ^(T)((a;, 0), 

and 

= |a,(L,)(a;,OP + k6(T)(x,0P + 1- 

Remember the notation = (1 + in a neighborhood of Zq, we have 

Harmonic extension is defined as follows. Let Lf G C^{U fl M); define ip^'^^ G 
C°°({(x,r) G M2"|r < 0}) by 
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so that 0) = (p{x). This extension is called "harmonic" since 

has order 1 on M. In fact, we have 



n 2n— 1 ^ ^ 

= - E^^-^^- + E + (4-14) 

j=l k=l ^ 

j = l k = l " 

since (14. 6p implies that = ^ — + D, where D is a first order operator. 
Hence if {x,r) eU nQ^, 



For future use, we prepare the notation P^+rP^ for the pseudodifferential operator 
with symbol + rp"^ which appears in the right of fl4.15p . Along with fl4.15p we 
have 

Lj(fi^^\x,r) = {Ljip)^{x,r) + Ejip{x,r) 

where 



EMx,r) = (27r)(2-i) j e'^<e^'^^^'^\p'^{x,r,0 + rp]{x,r,Om)d^ 

and 

Lj(p^^\x,r) = {Ljip)''{x,r) + Ejip{x,r) 

for j = 1, n — 1. 

Lemma 4.6. For any A; G Z with /c > 0, s G M, and f & J-" we have 
(t) |||rV(A¥^^ll|.<ll/(AVIlM-M' 

for any if e C,°°(f/nO+). 

Proof. We notice again that ^) = (1 + over a small neighborhood 

of Zq, and then the proof of this lemma is similar to the proof of Lemma [2.101 
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□ 

We define (pi, to be the restriction of G C^{U fl 0+) to the boundary. We 
have the elementary estimate 

ll¥'.|ll<lll^lllf+i + lllA.^lllLi- (4-16) 

The following lemma states the basic microlocal estimates on . 

Lemma 4.7. Let be q-pseudoconvex at zq. If U is a sufficiently small neigh- 
borhood of zq, then we have the three estimates which follow 

qo n 

iii^viii?<Eii^^-*viP+ E ii^.^vii + ii^vf 

i=i j=qo+i 

for any ^ e C^{U n 0+), (4.17) 



qo n 

i=i i=<jo+i 

for any ^ e C^{U n Q^), (4.18) 



qo n-1 
_ _ _ _ 1^ 

i=i j=qo+i 



for any ^ E C^{U H 6^]+). (4.19) 
Proof. We start from (14.171) . Since supp ip*^ C C°, then we have 



n-l 



< (i+Ei^(^.)p((^,r),o] i^°(op 



(n— 1 n— 1 

Ek(^.)r((o,o),o-Ei^(^^)i'((^'^)'0) i^°(0[^.2o) 

< (^i+Ei^(^.)i'((^'^)'oj 

+ diam(0+nf/) l^l + El^^l'] 
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Hence 

go n 

iiA*vii;<Eiiii*'Vf + E iiii«vf 

(4.21) 

+ ll^Vf + diam([/ n ^ p^-^Vf • 

The estimate fl4.17p follows from fl4.2ip by taking U sufficiently small so that the 
last term is absorbed in the left hand side of the estimate. 

We pass to prove fl4.18l) . For all (p G C^{U H 0,'^), let (p^'^'' be the harmonic 
extension of ipb = 'p\unbn+- We have 

lll^^^lll? < - V^^^nl + 111^ V^lll?- (4.22) 

We estimate now 1 1 |\l'^y9*^^) 1 1 we have 

J ^ (4.23) 

where (x, ^) is the symbol which appears in fl4.15p and whose associated operator 
we have denoted by P^. Choosing U sufficiently small we have a{T)i,{x,^) < 
when ^ G supp('?/^") C . Then, 

/i(x,0-^6(T)(x,0>|^| + l. 

It follows 

1 1 1*"^^^'^ 1 1 1? <\\Ln'^'v''^^\? + ||rP'^-(^('^)f . (4.24) 

Applying Lemma [4.61 and inequality (14.1 6p to the second term in (14.241] . we get 

||rPi^-<^Wf <||A-V2^-^||2 

<||A-iA.^"V'f + ll^^V'ir (4.25) 

For the first term in (14.241) . we have 

<||vi/-(^-^W)||? + ||L„M/-^f. 
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<||AvI/>f_^ + ||Av[/>Wl|2 

(JO n 



Combining f lO^ . f lQIj) . fH:^ and (H^ni), we get 

lll^^lll? < - v'^'^Wi + \\Ln^-v\? + ll^^f- (4.27) 

Finally, we estimate \\^'{^ - Since '^'{^p - ip^''^) = on U nbQ, then 

1-1 

3=1 j=go+i (4-28) 

10 n 

i=i j='?o+i 

Here the third inequality in fl4.28p follows from fl4.15p . This completes the proof 
of (1122]). 

We prove now fl4.19p . For any G C^{U fl bQ^), we have 



(4.29) 

Choosing sufficiently small we have ab{T){x,^) > when G supp'?/'^ C C+. 
So that 



Since the symbols 



. /i + ab{T) ) j<qo I /i + ab{T) ) go+i<i<n-i 

are absolutely bounded, then 

|/x-a,(T)|<|5^a,(L,)| + | Yl ^^(^^Ol- (4.30) 

i=i i='?o+i 

Hence, from and we get 
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2 ^ ^ 2 

/=^°+' (4.31) 



□ 

Using Lemma 14.71 for coefficients of forms, we obtain 

Lemma 4.8. Let he a q-pseudoconvex at zq. Then, for a suitable neighborhood 
U of Zq and for any u G C^{U fl 0+)'^ fl Dom{d*) with k > q, we have 

\\\^!%\\\\+\\\^>-u\\\\<Q{u,u). 
Moreover, for any u G C^{U fl bQ^)'' with k > q, we have 

|||L„vi/+(^+)W|||2 <g,(«+,«+). 

2 

Similarly, we get the basic microlocal estimates for Q~ . 

Lemma 4.9. Let Q~ be {n — 1 — q)-pseudoconcave at zq. Then, for a suitable 
neighborhood U of zq and for any u & C^{U ClCl^)^ (1 Dom{d*) withk<n — l—q, 
we have 

\\\^'u\\\l + \\\^+u\\\l<Q{u,u). 
Moreover, for any u G C^{U fl bQ^)'' with k < n — 1 — q, we have 

\\\Ln^-{u-Y^^\\\1<Q,{u',U-). 
2 

4.4 The equivalence of {f-M)^ estimate on Q and 

In this section, we give the proof of Theorem 11.131 This is a consequence of the 
three theorems which follow, that is. Theorem 14. 10^ 14.111 and 14.121 

Theorem 4.10. Let Vf^ C C" be a smooth q-pseudoconvex domain with boundary 
M = bn at zqE bn. Then 

(i) {f-Ai)^+ implies (f-J^)^^ where is the restriction of Ai to M. 

(a) {f-Af)b+ implies (/-A^)n+ where M. is any extension of M from M to VL, 
that is, M\j^^^= M. 
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Proof, (i). We need to show that over a neighborhood U of zq we have 



2 

6,— oo 



for any u G C^{U fl M)'^. Let x = xl'") be a cut off function with x(0) = 1. 
Applying inequality fl4.16l) . we have 

<\\f{A)MxCRV^'^r (4.32) 
+ \\A-^ f{A)DriMxCR^u+^''^)f + error, 

where C' = 1 on supp(M^) and supp(xC') CC f/'. Here, the error term is estimated 
by 

error < IjA^u+^'^^f + Cm\\A-^u-^^''^\\-i + ll^+n^^^ll^ ^. 

Notice that xC'R^''^^^'^^ ^ Dom(9*). Using the hypothesis of the theorem to es- 
timate the second line of fl4.32p and applying Lemma 13.101 to the second term in 
the last line of fl4.32p . we have that ( I4.32p can be continued by 

<QixCR^u+^'^\xCR^u+^'^^) + Cm\\xC'R^u+^''^\\-i + error 

rt-l 

^ E' Y.(''^3CR''ui^,CR^ul^)b-Y^{rnCR^n^,CR^uj), 

\K\=k-l ij \J\=k 
10 n 



+Y;{j:\\L,xCR-'uf^^r+j:\\L,xCR 

\J\=k j=l j=l 

+ WxC'R'^u+^^^W'^ + CM\\xCR'^u+^^^\W + error 
<Qbiu+,u^) + Cm\\u+\\1-i + \\^^u\\l_^ 

qo n— 1 



(4.33) 



\J\=k j=l 3=1 

2 , ll,T, + „,l|2 



<g,(M+,n+) + CmWWLi + ||^+« 



I b,— oo' 



where the second inequality follows from ( I2.27P , the third from Lemma 14.51 and 
the last from Lemma 14.81 

(a). For any u G C^{U fl Q)'' fl Dom{d*), we decompose u = u"^ + u'^ and 
u'^ = u'^'^ + u'^~ + u'^'^. Since u'^ satisfies elliptic estimates and on account of 
Lemma Hm we have 

\\fiA)Mu''f < ml + Cm\\u'\\\ < Qiu,u) + Cm\\u\W, 
||/(A)A^n^°f < \\\u^'\\\l + CM\\u^''\W<Qiu,u) + CM\\u\\\, (4.34) 
\\f{A)Mu^-\\' <\\\u^-\\\1 + Cm\\u^-\W<Q{u,u) + CmM\. 
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Moreover, by Theorem 13.11 and fl3.26p . we have 

\\f{K)Mu^ + f<\\K-'y{X)Mul + \\l + Q{u\u^) + CM\\u^\\\ 



(4.35) 

<\\^-^f{m<^\\l + QM + CM\\u\W. 



Thus, we obtain 



ll/(A)-M«ir <||/(A)A^^^ + f + ||/(A)A^^^'ir + \\f{K)Mu^Y + ll/(A)A^^1l^ 
<\\^-'^f{mul^\\l + QM + CM\\u\\\. 
Hence, we only need to estimate ||A^5/(A)A/'n^^||^. We begin by noticing that 
||A-^/(A)A/-< + ||^ < ||/(A)A/-C'A-^< + ||^ + error, (4.37) 
where C' = 1 over suppw^^. Using the hypothesis we can continue ( I4.37P by 
<Q,(C'A-5«; + , C'A-^n^) + C^||C'A-^< + ||Li + error 



\K\=k-lij=l 

<?0 n-1 

. . (4.38) 

+ ||C'A-^< + ||^ + CmK'^--uI + \\1-i + ll^+A-^<||^__^ + error 

qo n-1 

E'(E iK'M-^K^).ii^ + E \\CL,A-Hui^)j\\l 

\J\=k j=l j=l 

+ \\Ca-H^\\1 + Cm\\aM^\\1-i- 

Since C"i?+C'A"2(^+ is a tangential pseudodifferential operators of order zero, 
then 

Q(C"i?+C'A~k^+w",C"^''C'A-k*''w") < Qiu\u^). 

To estimate the last two lines we proceed as follows. For j < qo, since ('LjA^^u^ 
C^{U n Cl), then using inequality f l4.16p . we have 

\\CL,A-'^u+^\\l <\\Ak'L,A-h^^r + iiA-^|:C'M"^^+ir 

d 

<||L,;M+^P + II— A"^L,-M+^p + error 

dr (4.39) 
<||LX"f + WTA-^Lju+^f + ||I„A-^L,-M+"f + error 

<||LjM+^f + II L„u+^f + error 
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The same estimate holds for each term \\C'LjA ^u+^H^ for go + 1 <i <n — 1. 
This concludes the proof of Theorem 14.101 

□ 

Similarly, we get the equivalence of (/-A^)^ on VL~ and M 

Theorem 4.11. Let Vt^ he a smooth q-pseudoconcave domain at zq G bQ. Then 
(f-M)^- is equivalent to {f-J\f)b^^ for M\m = A/". 

Let M be g-pseudoconvex. Recall that this means that one of the two sides of 
C" \ M is g-pseudo convex (or equivalently, the complementary side is (n — 1 — q)- 
pseudoconcave). 

Theorem 4.12. Let M be a q-pseudoconvex hypersurface at Zq. Then {f-Af)^_^ 
holds if and only if {f-N')l^_}^^ holds. 

Proof. We define the local conjugate- linear duality map : Ji^'^ — > 

as follows. If M = ujQj then 
\j\=k 

where J' denotes the strictly increasing {n — k — l)-tuple consisting of all integers 
in [l,n — 1] which do not belong to J and is the sign of the permutation 

{J,J'}^{l,...,n-l}. 

Since (v?"*") = (jp)", then 

Also, F"'~^~''F''u^ = = and finally 

dbF''u+ = F^-^dlu+ + ■■■ 

and 

dlF^u^ = F^+^dm^ + ■■■ 
where dots refers the term in which u is not differentiated. Hence 

Q,{F^u+,F^u+)^Q,{u^,u+). 

On the other hand, we also have ||/(A)A/'F''m+P = ||/(A)A/'n"||2. 

□ 
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Corollary 4.13. Let M he a pseudoconvex hypersurface at zq, let M G C°°{M) 
and let Ai be any extension of M from M to C^. Then, for 1 < k < n — 2, the 
estimate (f-JV)^ holds if one of the following conditions is satisfied 

1. (/-^)t 

2. u-j^t^ (^nd if-Afr,-'-' 

3. {f--^)b,+ f(^f^ ^ < mm{k, n - 1 - k} 
4- {f-M)l _ for I > max{A;, n — 1 — k} 

5. if-Mrn, and {f-M^n. 

6. {f-Mf^^ and if-Mrn^'-' 

7. {f-My^+ for I < mm{k, n - 1 - k) 

8. (f-MY^- for I >max{k,n - 1 - k). 

Proof. The equivalence of {f-M)\ to (1), (2), (3) and (4) follows from Theo- 
rem |1]T2] combined with the fact that < Qb{u,u). The equivalence of these 

conditions to (5), (6), (7) and (8) follows from Theorems 14.101 and l4.11[ 

□ 
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Chapter 5 



Geometric and analytic 
consequences of (/-M)^ estimate 

The chapter is devoted to the proof of Theorem I1.14[ 

5.1 Estimates with a 1-parameter family of cut- 
off functions 

Let f2 be a domain in C" and let ?7 be a neighborhood of a given point zq G bQ. 
Choose real coordinates (xi, X2n-i, in U. Let Xo:XiyX2 be cutoff functions 
supported in U such that Xj = 1 in a neighborhood of the support of Xj-i for 
j = 1,2. For every t G (0, 1], we define two new cutoff functions Xj such that 
Xj{z) = Xjif) foi' j = 0, 1,2. The main tool in the proof of Theorem 11.141 is the 
following 

Theorem 5.1. Let Q, U, x% 3 = 0, 1,2 he as above. Assume that {f-lY holds in 
a neighborhood U with f ^ log. Then, for any positive integer s, we have 

WxluWl <t-'lx\nu\\l + i9*it-')r-^^'^\\xlur, (5.1) 

for any u G A^'^ fl Dom{^), where 9 = CLnd g* is the inverse function to g. 

Remark 5.2. In |C83] . Catlin proves the same statement for the particular choice 
/(l^l) = 1^1*^ ending up with a. g in (15. ip which is / itself. In fact, starting from 
subelliptic estimates, fl5.ip is obtained by induction over j such that je > s. For 
us, who use Kohn method of |K02] . a loss of sharpness, that is, = instead of 
/, is unavoidable. 

Proof of Theorem \5.1[ For each integer s > 0, we interpolate two sequences of 
cutoff functions {Cm}m=o WmYm=i with support on U and such that Q = 1 on 
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suppCj+i and aj = 1 on suppCj- We define two new sequences {Cm} Wm} by 
Cmi^) = Cm(f ) and (Jmiz) = crm(f )• In our conclusion, we take xi as Co and xo as (s- 

We also need a pseudodifferential partition of the unity. Let Ai(|^|) and A2(|^|) 
be real valued C°° functions such that Ai + A2 = 1 and 



Ai(iei) 



1 if lei < 1 
if 1^1 > 2. 



Recall that A"* is the tangential pseudodifferential operator of order m. Denote 
by AJ" the pseudodifferential operator with symbol A2(t|^|)(l + I^P)^ and by Et 
the operator with symbol Ai(t|^|). Note that 

IIA'-Cm^f < WATCnf + t-'niC^^f- (5.2) 
In this estimate, it is understood that t^^ < g*(t^^). 

For m = 1, 2, . . . , we define the pseudodifferential operator by 
for Lp G C^{U n Q). Since the symbol of (AJ" — R'^)(^ is of order zero, then 



2 

m'^ll 

<iicii?rc:.-i^f + ii[^r,c^]c^-inir + iic^t^f (5.3) 

By Proposition 15.31 which follows, the commutator in the last line of f l5.3p is 
dominated by Y.T=l't'^^\\C„^-jU\\\l^-j■ From (El and we get 

m 

lllC^«|||^<ll/(A)C^-ii?rC^-i«f + (5.4) 



Similarly, 



\DrA-\lu\\\l<\\DrA-'f{A)C,,RTC.M 



+ j2t'''mrA-\i_^ 



u\ 



|2 

\m-j- 



(5.5) 



Denote A"^ = Cm-i-^rCm-i and remark that is self-adjoint; also, we have 
A'pu e C^{U nCl)''n Dom(9*) Hue A^''' n I)om{d*). Using the hypothesis and 
Lemma [3.10^ we obtain 

\\f{A)ATur +\\DrA-'f{A)ATur <Q{ATu,ATu) (5.6) 
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Next, we estimate Q{A^u^ A^u). We have 

= {A'^du, M» + ([9, (5.7) 

and 

{A'^du.dA'I'u) = {A'pd*du,A'l'u) + ([9, 

+ {f{A)-'[[AT,dr,d]u,f{A)ATu). (5.8) 

Combination of (15. 7p and (15.81) yields 

WdATuf = {ATd*du,ATu) + {[d,ATYu,d*ATu) 

+ ifiAr'[[A^,dr,d]uJiA)Aru) + {[d,AT]u,dATu). (5.9) 

Similarly, 

WATuf ={ATdd*u, ATu) + {[d\ ATTu, BATu) 

+ {f{A)-%ATA\d*]uJ{mTu) + {[d\ATWd*ATu) ' 



Taking summation of (15.91) and (I5.10p . and using the "small constant - large 
constant" inequality, we obtain 



g(A™u, A'^u) <\\A'^Uuf + error 

S\\Cln-i^u\\\^^ + error, 



t ^.,,,,2 , (5-11) 



where 

error =\\[d,AT]ur + \\{d\AT]ur + \\{d,ATru\\ + \\[d\ATru\\ , . 

+ ii/(A)-i[Ar,9]*,a>f + ii/(A)-i[Ar,a*]*,a]«f + pr«f. ^ • ^ 



Using Proposition 15.31 (see below), the error terms are dominated by 

m 

6Q(Ar«, Ar«) + a(^?*(ri))^("+^^||x*2^f + $^r^^|lC-,t.|LV,- 

Therefore 

m 

Q{ATu,ATu) < lllCiD^III^ + Y.^-''\\CL-,u\\l-, + i9*it-') f "'^'^Uu\\^.13) 
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Combining (EID, (ESD, (EHD and flHTTaj) . we obtain 



\\\Cu\\\l+\\\DrA-'CL^^\\tS\\CL-lO 



u\ 



|2 



Since tlie operator □ is elliptic, and therefore non-characteristic with respect 
to the boundary, we have for m > 2 

IIC^II^ < \\DCu\\1^2 + IIIC™w|||^ + lllA-A-^C^wlll^. (5.15) 

Replace the first term in the right of (15.151) by ||Cmn'2^||m-2 + II P, Cm]^llm-2 ^.nd 
observe that the commutator is estimated by ^~^||Cm-i^llm-i + ^ '^llCm-i^llm-2- 
Using also (I5.14p . we get 

m 

WCuWl <llC-inn||^ + Y.^'''\\Cm-,u\\l_, + {g^t-'yf'-^'^Wxlur (5.16) 

for m = 2, s (the cases m = 1 being trivial). 

Iterated use of (I5.16P to estimate the terms of type CL-j"^ by those of type 
(^_iDu in the right side yields 



(5.17) 



wcuwi < E ^"''"iic^^n^ii'-n. + (/r'))'^^^'^iix2«ir 

m=0 

<t-'1IC^n«ll' + (^?*r'))'^^^'^llx2«f- 

Choose Xq = Cs aiid Xi = Co! then conclude 

llx*o^ll^ <t-'lx\au\\l + i9*it-')r^-'^'^\\xluf, (5.18) 
for any u G fl Dom(n). 



□ 



Proposition 5.3. (z) ii [i?r, ac_i«f < j:t=j~''\\\cl^,^^^^' 



(a) Assume that {f-lY holds with f ^ log, then for any e > 0, there is a 
constant such that the error term in (15.111) is dominated by 



eQ{ATu, ATu) + a(/(t-'))'("^+')||X2^f + E^^^'HC 

where 9 '■= ^ and g* is the inverse function to g. 

62 



m—j II m— J ' 



Chapter 5. Geometric and analytic consequences of {f-M^ estimate 



Proof, (i). Using formula f l2.33p . the proof of (i) is straightforward. 
(a). First, we show 

m 

By the Jacobi identity, 

Since the support of the derivative of Cm-i is disjoint from the support of a^, the 
first and third terms in the second line of f l5.20p are bounded by j in L2. The 
middle term in fl5.20p is treated as follows. Let a belong to S and D be ^ or Dr] 
we have 

[aD, R^] = [a, R^]D + a[D, i?f ]. (5.21) 

Now, ii D = the term first term of f l5.2ip is bounded by CK^; if, instead, D = 

Dr, we decompose Dr = Ln + Tan, so that [a, R'^]D is bounded by CA~^L„i?™ + 
CR^. As for the second term, we have [D, R^] = mD{al^ log(A)i?™; in particular, 
is bounded by f log(A)i?™. Therefore, 

^ m 

\\[d, AT]ur <-||log(A)A>f + eWL^ATur + C,\\xW + Y.^-''\\Cm-Al-r{^.22) 
^ 3=1 

To estimate the first term in f l5.22p . we check that 

J log A^ < ef{K^) on support of A2 [g* {{ety^Y^ 

and hence 

^logA^ < ef{K^) + t-^\,{g*[{et)-^Y'K^) logA^. (5.23) 

It follows 

l||logAAr«f <e||/(A)A>f + rV((rf)-^)""log^ {9*{{^t)-'))\\x\^ 

<6||/(A)A>f + a/(^-')'("+'^||x2«|^• 



(5.24) 



Since we are supposing that {f-lY holds, we get the proof of the inequality 
fl5.19p . By a similar argument, we can estimate all error terms in (15.111) and obtain 
the conclusion of the proof of Theorem 15.11 

□ 
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5.2 Kohn's proof of local regularity 

In |K02] . Kohn proved that superlogarithmic estimates of the system {Bb, B^) on a 
hypersurface M imply local regularity of the operator D^^; and superlogarithmic 
estimates of the system {Bf,,Bl) on microlocalized forms imply local regularity 
of the 9-Neumann operator on the side The purpose of this section is to give a 
direct proof, without passing through the tangential system, of the local regularity 
of the 9-Neumann operator and the Bergman projection and of the smoothness 
of the Bergman kernel. Also, our argument applies to general g-pseudoconvex 
domains. 

Theorem 5.4. Let Q G be a bounded q-pseudoconvex domain with C°° bound- 
ary. Suppose that □ is invertible, modulo 'HP'^ for k > q, and denote by Nk its 
inverse over k-forms. Suppose further that superlogarithmic estimates hold in de- 
gree k > q, that is, {f-M.Y estimates hold for f = log and Ai = ^ for any e > 0. 
Let Xo o,nd Xi be smooth cutoff functions supported in U with Xi = ^ in- O' neigh- 
borhood of the support of Xo- Then the B -Neumann operator as well as the 
Bergman projection Pk~i satisfy for any s and for any a G Hs{^l)^''' the estimates 

WxoNkaWl < ||xia||^ + ||«ir, (5.25) 
\\Xod*Nka\\l+\\xodNka\\l < + (5.26) 

WxoPk-iafs ^ + ll"ir- (5.27) 

Moreover, if{zo, Wq) is a point in (6J7x 617) \ (Diagonal) such that {f-J^Y estimates 
hold at both points Zq and Wq, then the Bergman kernel K{z, w) extends smoothly 
to Cl X Cl locally in a neighborhood of {zo,Wo). 

Proof. The first statement, about N^, B*Nk, BN^ and Pk-i follows from The- 
orem 15.11 combined with the standard method of elliptic regularization by Kohn- 
Nirenberg [KN65j . As for the last statement concerning K{z,w), it follows from 
the previous one combined with the results of Kerzmann |Ke72j . 

□ 

5.3 Catlin's proof of the necessary condition 

In this section we derive geometric conditions for bQ if the (f-l)^ estimate holds. 
We restate and prove now the first half part of Theorem 11.141 

Theorem 5.5. Let Q be a pseudoconvex domain with a local defining function r 
at Zq and suppose further that the (/-l)^ estimate holds. Let Z be a k-dimensional 
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complex analytic variety passing through zq and suppose that hVL has type < F 
along Z at zq in the sense that 



Then, for small 6, 



r{z)\ < F{\z — Zq\) for z E Z close to Zq. (5.2^ 



log(5-i 

where F* is the inverse function to F . 

To prove Theorem 15.51 we have to recaU the foUowing theorem from [C83j 
which holds for any domain C C" not necessarily g-pseudoconvex nor q- 
pseudoconcave. The result of Catlin is proved for domains of finite type, that 
is, for F{5) = 6"^, but it holds in full generality of F. 

Theorem 5.6. Let Q be a domain in C" with smooth boundary and assume that 
that there is a function F and a k-dimensional complex- analytic variety Z passing 
through zq such that f l5.28p is satisfied for z E Z , z close to Zq. Then, in any 
neighborhood U of Zq, there is a family {Zt,t G T} of k-dimensional complex 
manifolds contained in U of diameter comparable to t such that 

sup \r{z)\<F{t). 
zeZt 

For the proof of Theorem 15.51 we also need the next lemma which is contained 
in [CM] . 

Lemma 5.7. Let Q be a bounded pseudoconvex domain in C". Let zq G bQ and 
assume that bQ is smooth near zq with a smooth boundary- defining function r 
normalized by ■§^{zo) > 0. Then there exists a neighborhood U of zq such that for 
each w G UnQ, there is a function G holomorphic and L2 on Q with the following 
properties 



1. WGP < 1 



2. 



> 



\r{w)\ '■^^2) for all k > 0. 



Proof of Theorem \5.5[ By Theorem 15.61 for each t E T, there is a point 74 G Z- 
which satisfies |/'(7t)| ^ F{t) and by Lemma [5.71 there is a function Gt G A{Q) (1 
L2(fi) such that 

\\Gt\\ < 1 

and 



dzl 
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We parametrize Zt over C'^ x {0} by 

Let be a cutoff function on M"*" sucli tliat = 1 on [0, 1) and = on 
[2, +oo). Let, for some a to be cliosen later 



\z'-it\ 



at 

where z' = {zi, z^). Choose the datum at as 

«t = '^t{z')Gt{z)dzi A ... A dzk 

Clearly the form at is 9-closed and its coefficient belongs to L2. Let Vt be the 
canonical solution of 3 with datum at, that is, Vt = d*Ut where Dut = at- We 
have 

Bvt = at. 

Define the action of over a form by applying to each coefficient. Since 
and B commute, we then have 

= l^dvt = d—-vt. (5.29) 



dzV} dzV^ dzL 



On each polydisc B^^Ij^) of center 7^' and radius at, we put the standard Eu- 
clidean metric. This gives rise to an inner product on differential forms supported 
in -Bat(7j) that we denote by 

.)dV, (5.30) 



where dV is the volume element in C . 
We also define a fc-form Wt by 



k 



3at 

We use the notation 



)CT= {j—at{z',ht{z')),Wt)dV. (5.31) 



We use polar coordinates to evaluate fl5.3ip and get 

/•W4 o„ o„ r am 

/Cr = 2^ to ^'^^S^) / ,| , + ^^')>''-'dSds. (5.32) 
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Since ^^Gt{z' , ht{z')) is holomorphic, it satisfies the Mean Value Equality. Thus 



Q ta / oz^ J\w'\=i 



1CT = 2'{ I y(-)s''^''ds]^AGAw\hthi + sw')) I dS. 



Recalling that iptGtiw', hti^^l + sw')) = Gt{jt), then, on account of (15.311) . we 



have a lower bound for /C™ 



/Cr > (5.33) 
On the other hand, from (15.291) we obtain 

/ {d—-Vt{h,),wt)dV = / { v,(h,),^wt)dV 



where d is the adjoint of d with respect to the inner product (I5.30p . We define a 
set 

S, = {.'eC'=:^<|.'-,;i<^}. 
Since ^dwt is supported in St and \'dwt\ < , then 

IC^ <e^-Uu^\ v,{ht)\<e^-^ sup \ d*u,\<f'-^ sup I m\. 

St htist) dzl^ ht(St) l/3|='»+i 

(5.34) 

Before completing the proof of Theorem 1 5. 5 [ we need the proposition which follows 
which is dedicated to state an upper bound for K.^. 

Proposition 5.8. 

sup I ut\ < ^*(t-^)'"+"+^ (5.35) 

ht{St) l/^N^+i 

Proof. Since the set St has diameter 0{at) and the function ht satisfies \dht{z')\ < 
C for z' G -Bf^(7j), then the set ht{St) has diameter of size 0{at). Moreover, by 
construction, there exists a constant c such that 

inf{|zi — Z2\ : Zi & support, Z2 G (id x ht){St)} > let. 

Therefore, we may choose Xo and Xi such that if we set xU-^) — Xk{^) for k = 0,1, 
we have the properties 

(1) x'o = l on {idxht){St) 

(2) ctt = on suppx*. 
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Hence 

sup \ ut\<swp\ XoUt\<\\xlut\[m+n+i, fS 36) 

{iAxht){St) l/3|=m+l nnZt \P\=m+l yu.^Kj, 

where the last inequality follows from Sobolev Lemma since x^^t is smooth by 
Theorem 15.41 We use now Theorem 15.11 and observe that Xi^Wt = (by property 
2 of Xi)- It follows 

llA0"i|lm+n+l ~ y \^ ) • 

Since Vt is bounded pseudoconvex, then 

WutW" <\\Uu,\\'' = \\atf <l. 
This completes the proof of Proposition | 



□ 

End of Proof of Theorem 15.51 We return to the proof of Theorem 15.51 Com- 
bining fl5.33p with fl5.34p and fl5.35p . we get the upper estimate 

It follows 

Since this holds for all positive m, we may take the limit as m — oo and end up 
with 

F{t)-'<g*{t-'). 
This concludes the proof of Theorem 15.51 

□ 



5.4 Mc Neal's proof of lower bounds for the Bergman 
metric 

Let f2 be a bounded domain in C". Denote H{Q) by the space of holomorphic 
functions on fl and set ^^(fi) = H{n) f] L'^{VL). The space A^{VL) is a Hilbert 
space under the inner product 

(y?, i))= j ipipdV. 
Jn 
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For each point a G the evaluation map 

Ca : A^{VL) 3 ip^ ip{a) G C 

is a bounded linear functional on A^IQ). Therefore, by the Riesz Representation 
Theorem, there is a unique element in A'^{Q), that we denote by KQ{-,a), such 
that 



cfia) = eaiip) = {ip, Ki; a)) = J ^(C)i^(C, a)dViO (5.37) 
for all ip G A^IQ). The function 

obtained in this way is called the Bergman kernel for Q. 

For the choice ip = Kq{-,z) and a = ( ^ Q, fl5.37p yields the proof of the 
following fundamental symmetry property of K. 

Lemma 5.9. The Bergman kernel K satisfies 



K{C,z) = K{zX) forallCzen. (5.38) 

Notice that by fl5.38p . we can rewrite fl5.37|l in the form 

^p{z) = I p{C)K{z, C)dV{C) for all p G A^{n) and zeVt. (5.39) 



Since A^iVt) is a closed subspace of L2(n), there is an orthogonal projection 
operator P := 

P : L\Q) A\Q). (5.40) 

This operator is usually called the Bergman projection. The Schwartz kernel the- 
orem implies that the Bergman projection is represented by integration against 
the Bergman kernel function, that is, 

Pip{z) = J ipiOKiz, C)dViC) for aU ip G L2(fi) and z E n. (5.41) 

The relation between the Bergman projection P and the (9-Neumann operator A^, 
is expressed by Kohn's formula 

P = I - d*Nd. (5.42) 
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From the Bergman kernel Kq,, one obtains a very interesting metric on CT(f2). 

Let 

^7..W = ^;;^logi^(^,^) (5.43) 
and, for X = YTi=j define 

n 1 

Bn{z, ^) = ( XI Sijdi^j) ' • (5.44) 

ij=l 

This differential metric, the Bergman metric, is primarily interesting because of 
its holomorphic invariance properties. If we derive the set-theoretic metric on Vt 
from Bq in the standard way, then, with respect to this metric, distances are pre- 
served under a biholomorphic transformation on VL. 



One can obtain the value of the Bergman kernel function on the diagonal of 
f2 X i7 and the length of tangent vector X in the Bergman metric by solving the 
following extreme value problems : 



Kn{z,z) =inf{||(^f : ^ G H{n),^{z) = l}'^ 
= sup{|(^(2)P : G H{VL), ll^ll < 1} 

and 

inf{||vp|| : ^ e H{n),ip{z) = 0,Xip{z) = 1}-^ 



(5.45) 



Bn{z,X) 



^K,^{z,z) 

sup{|Xy(^)| : LP e H{n),ip{z) = 0, lly^ll < 1} 
^/Kn{z,z) 



(5.46) 



The purpose of this section is to study the boundary behavior of B^{z, X) for 
z near a point zq G bQ, when a (/-l)^ estimate for the 9-Neumann problem holds. 
In this section, we show the second part of Theorem I1.14[ that is. 

Theorem 5.10. Let Q CC C" be pseudoconvex with a smooth boundary in a 
neighborhood U of zq. Suppose that {f-iy holds in U with f ^ log. Given a 
constant rj > 0, there exists U' C U , so that for all z G U'r\VL and any X G T^^'^'C", 

B^{z,X)>g{5{zr'^^')\X\ 
where 5{z) is the distance of z to bVl and g = 
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Theorem 15.101 is a new version of Theorem 1 by McNeal [McN92j . In Theorem 
I5.10[ we treat the case in which the domain has non-finite type. For the proof of 
Theorem 15. lot we first use the classical results about locally comparable properties 
of Bergman kernel and Bergman metric, that is, 

Proposition 5.11. Let fii, Vt2 he hounded pseudoconvex domains in C" such that 
a portion of hVti and hVL2 coincide. Then 



for z near the coincidental portion of the two houndaries and X G Tj^'°(C"'). 



To apply Proposition 15. IH we construct a smooth pseudoconvex domain VL, 
contained in fi, that shares a piece of its boundary with hVt near zq. The crucial 
property that VL has, for our purpose, is the exact, global regularity of the d- 
Neumann operator. In fact, one can show that 

Proposition 5.12. Let Q he a smooth, hounded, pseudoconvex domain in C" and 
let zq G bQ. Then, there exist a neighborhood U of zq and a smooth, hounded, 
pseudoconvex domain Q satisfying the following properties: 

(z) ncnnu, 

(a) bQnbQ contains a neighborhood of Zq in bQ, 

(Hi) all points in bQ \ bQ are points of strong pseudoconvexity. 

A proof of Proposition 15.121 can be found in |McN92j . Let zq G bQ such that 
an (/-l)^ estimate holds in a neighborhood of Zq. By Proposition 15.121 one can 
get that the 9-Neumann operator iV of is exactly, globally regular and that 
the {f-iy estimate holds in a neighborhood of zq. Therefore, Theorem 15.101 is an 
immediate consequence of Proposition 15. IH 15.121 and the following 

Theorem 5.13. Let Q he a smooth, hounded, pseudoconvex domain in C" which 
has an exactly, globally regular d-Neumann operator. Let zq G bQ and U he a 
neighborhood of zq. Suppose that (/-l)^ holds in U with f ^ log. Given a constant 
r]> 0, there exists U' C U, so that for all z eU' nQ and any X G T^^'°C", 



Kn, {z, z) 
BnAz,X) 



Kn^{z,z); 
Bn,{z,X), 



(5.47) 
(5.48) 



(cf. |McN92j or [DFH84|.) 



Bn{z,X)>gi6iz) 



-^)\x 



where 6{z) is the distance of z E bQ to g 



= X 

log 
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Before giving the proof of Theorem I5.13|. we need some preliminaries. 
Let be the cutoff functions such that 



iize B{zo,l), 

if z e C"\5(;zo,2), 



where B{zo, a) is the ball in C" with center zq and radius a. We also set i/j*^ = 
To prove Theorem 15.131 we also need the following 



Proposition 5.14. Suppose that VL satisfies the hypothesis of Theorem \5.13[ Let 

-0* be defined as above. Then if a G C^{B{zq, 1)1"!^)-'^, for any nonnegative integer 
Si, S2, we have 

U'Na\\l<g*it-'r^^^^-^^+'^\\ar.,^. (5.49) 



Proof. We choose a triple of cutoff functions Xo? Xi ^-^id xi Theorem 15. H 
such that Xq = 1 on a neighborhood of the support of the derivative of ip^ and 
supp xi B{zo,3t) \ B{zo, |); hence XiQ^ = 0. We notice that for t sufficiently 
small, suppXj- CC U for j = 0,1,2, so that we can apply Theorem 15.11 to this 
triple of cutoff functions. Using the global regularity estimate and Theorem 15.11 
for an arbitrary 1-form u G A'^'^ fl Dom(n), we have 



<U'Du\\l+t'^xlu\\l+i+t-'\\x> 



2 (5.50) 



Recall that we are supposing that the 9-Neumann operator is globally regular. 
If a G C~(0)i, then iVa G n Dom(n). Substituting m = A^a in ( 1330]) for 

a G C^{B{zo, |) n we obtain 

U'Na\\l<g*it-'r^-^^^'^xlNar. (5.51) 

However, 

\\xlNa\\=snp{\{xlNa,P)\:m\<l}, 
and the self-adjointness of and the Cauchy-Schwartz inequality yield 



\{xlNa,f3)\=\{a,NxiP)\ 



< 



\{a,xiNxiP)\ 
l|a||-s2llXo^X 



(5.52) 
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where Xo is a cutoff function such that Xq = 1 on supp a. Let Xi be a cutoff function 
such that Xi = 1 on supp Xo and supp Xi CC B{zq,^. Hence supp Xi^supp xk = 
0. Let X2 be a cutoff function such that X2 = 1 supp x\- Using again Theorem 
15.11 for the triple of cutoff functions Xo? x\ and X25 we obtain 

<g*{t-^f^^'^+^)\\x\NxW (5.53) 
Taking supremum over all < 1, we get f l5.49p . 

□ 

Proof of Theorem \5.13[ Let rj = [rji, rjn) the complex coordinates near zq. L2 
norms and derivatives are computed with respect to the rj variables. For z E U', 
we can choose rj such that X{z) = We may also suppose that -g^iz) > 
where Xn + iyn = i]n- li z E U' and z ^ bQ, we define 

Kn{r],z) 

hziv) - 



^Ka{z,z\ 
hence ll/i,!! = 1 and j^^*-^-*^ = 1. We set 

where R{z) will be chosen later. It is an obvious fact that 7^ G H{Q) and 'jziz) = 0. 
We show that for a specified choice of R{z), the norm II72II < 1. Then by f l5.46p . 
we get 

BM.,X)>^pML^^a^m.)l (5.54) 

^yKn{z,z) ^K^{z,z) 

In all what follows, z is fixed in U' . Let t = 6'(5(z)), for a function Q to be 
chosen later. For as in Proposition 15. 14[ we define ipliv) = iP^{t] — z). We write 

7.(^) = ^livhziv) + (1 - V^*(r/))7.(^)- (5.55) 

A simple estimation of the second term gives 

\\il-^lh^\\<\Riz)\t=\RizM6iz)). (5.56) 

In order to estimate the first term in right hand side of fl5.55p . we rewrite this 
term as 
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where G is tlie liolomorphic function defined in Lemma \5.7\ and denote the 
operator for m eN. Notice that by fl5.45p and Lemma [5 .71 for m = 0, we get 

Kn{z,z)>\G{z)\^>6-\z). (5.58) 



Therefore, 

<\IHz)\d'"+^\\iiK„(;z)D-"G(z)\\. 

Now, we consider the norm in last line of fl5.59p . Let (f) G C^{B[0,1)) be a 
nonnegative radial function with J = 1. If 2; G f/', set 



4(C) - (^) 



t - z 

t/lO 



From the mean value theorem for antiholomorphic functions, fl5.4ip and f l5.42p . 
we have 



KniC,z)D"^Giz)= / KiC,w){D'-Giw))<l>liw)dw 
Jn 

=p[{D"^GiC)WC)) (5-60) 
= {D^G{OWO - d*Nd({D^G{0)m) 



Notice that the supports of tpl and are disjoint, and that supp d(^(^D"^G{Q)(j)l{()J 

is contained in B{z, |) for all z G U'. We may therefore apply Proposition 15.141 
for Zq replaced by z, with Si = 1, and obtain 



<||^*iVa((D™G)0*)||?+||[^*,aiiVa((Z}™G)0*)f 

<9*{t-Y'^'^^\\{D-G)c^lts,^, 

where the last inequality follows from the Cauchy-Schwartz inequality. We notice 
that ^ 11^11 < 1 and, if S2 — m — 1 > n, the Sobolev's lemma implies 
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that 

ll0*H's.+™+i =sup{(|(0*,/i)| : h G CT, < 1} 

<II0*II (5.62) 
=1. 

Therefore, we get 

WM;z)D^G{z)f < g*{9{6{z))-'f^+^+'\ (5.63) 
Combining fl5.59p and (15.631) . we obtain 

llV'h.ll <I^W|5W"'''/(^(5W)"')'"^"^'- (5.64) 
Clioose e = g{6~'^+'^)-\ so that g*{e{6)-^) = 5-^+'' for > 0. It follows 

11^*7.11 <m^M^r'^~^'~'^''-'^'' ■ (5.65) 

In order that the right-hand side of (I5.56P be < 1, we must have |-R(-2)| ^ 
6{z)^^. Letting R{z) = 0{z)~^ in formula (15.651) . then forces 

g{S'^+i)S{zy'''''-'^^-i^'^-^+^''^ < 1 (5.66) 

in order that ||^*7^|| < 1. Since c/(5"^+'') = ^{5'^^"^) < 5-\ (Km^ follows by 
letting m — t- +oo. We thus conclude that W'^^W ^ 1, and then from (15.541) we get 

Bn{z,X)>\R{z)\=g{6''^^). 

Theorem 15.131 is proved. 

□ 

5.5 How the Property (f-Ai-P)^ follows from the 
{f-MY estimate 

It is classical that e-subelliptic estimates imply Property [f-l-PY with f{5~^) = 
for a new e < e. This is highly non-trivial and requires a big amount of 
Catlin's theory. First one proves that e-subelliptic estimates imply D'Angelo's 
finite type D according to our discussion in Section 6.4.3. Here the link between 
e and D is accurate and one has D < K Next, according to |C87] . we have the 
converse. The proof goes through the construction of a family of weights, that 
is. Property {f-l-P)^. Combining with the former step, we get that e-subelliptic 
estimates imply Property (/-1-P)'^; however, the relation of e with D and, hence 
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with the initial e, is very rough. This makes very interesting to have at disposal a 
direct proof of the implication of Property (/-1-P)'^ from e-subelliptic estimates. 
In this implication, we also search for a better accuracy about indices. The possible 
existence of a direct implication was a question raised also by Straube in Vienna 
in December 2009. Here is the answer. 

Theorem 5.15. Let Q CC C" be a pseudoconvex domain with a smooth boundary 
in a neighborhood U of zq E bfl. Suppose that (/-l)^ holds in U with f ^ log. 
Then, given a constant rj > 0, there exists U' C U , such that Property {f-l-Py 
holds m U' with J\5-^) = j^^i6-'+^). 

Proof. The notations Kq{z, z, S{z), U' and r] are the same as in Theorem 15. 101 
Define 

m = ^"^^"^"'1, - 7 (5-67) 

for z G U'. Recall that Kn{z, z) > 5^^{z) by fl5.58p whereas the opposite estimate 

is obvious because VL contains an osculating ball at any boundary point. Thus 
0(2;) — )■ as 5{z) — )■ (and in particular, is bounded). Moreover, we have 



{\og{5-\z))y-'''^ 5{z){\og{5-\z))y 

dd6{z){u' 



6{z){log{6-^{z))) 



l+T] 



dd log Kn{z,z){u^) dd5{z){u^) 



(5.68) 



(log(5-i(^)))'^'' 6iz){\ogi6-^iz))Y^' 

log^-H^) "'^ "'^ ^'^^ 

Here, the last line between brackets is negative when z approaches bVl because its 
first term stays bounded whereas the second diverges to —00. Since VL is pseudo- 
convex at then dd5{z){u^) < 0. Combining with Theorem 15.10^ we obtain 

oo(p{z){u ) > 



\og{6-^{z)y+^v 
-{\og6-^+^{z)y ■\og{6~\z)y+^^^ ' (5-69) 



/ 



2 



l0g2+'? 



5~'+'^{z)) \u 



T\2 
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for all z near hVL. The inequality f l5.69|) implies the proof of the theorem. 

□ 

Corollary 5.16. Let Vl CC C" he a pseudoconvex domain with a smooth bound- 
ary in a neighborhood of zq G hVt. Suppose that e-subelliptic estimate holds in a 
neighborhood of zq. Then, Property [f-l-Py also holds with f{6^^) = 6^"^^^ for 
any rj > 0. 
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6.1 Compactness estimate and global regularity 

In this section, we outline the proof of the fact that a compactness estimate im- 
phes global regularity. 

A global compactness estimate is defined as follows. For every positive number 
M and for any u G C°°{VtY n Dom(9*), we have 

M\\u\\''<Q{u,u) + Cm\\u\\\. (6.1) 

It is well-known that a compactness estimate implies global regularity. The idea 
of the proof is very simple. In order to prove global regularity, it suffices to prove 

hll.<IPw|U (6-2) 

for any u G C°°{VlY H Dom(n) and for any integer s. In fact, by elliptic regular- 
ization, (16. 2 p passes from to Hg-ioims. When (16. 2p is satisfied for any s, we 
say that N^, the inverse to □ on fc- forms, is exactly regular. We start by remarking 
that, since the operator □ is non-characteristic with respect to the boundary, then 

\\u\\l<\\Uu\\U + \W~^Du\\\ (6.3) 

where D is any differential operator of order 1 and A*^^ is the tangential differ- 
ential operator of order s — 1. By Lemma [3.1Ul the estimate (16. ip implies that 

MpA-^nf < g(n, u) + CmH^^H-i- (6.4) 

Here D stands for or A and the conclusion follows from the non-characteristicity 
of Dr. 
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We now estimate the last term of fl6.3p : we have 

M\\K'-^Duf <M\\DX-^K'uf + M\\u\\l^^ 

<{mu,K^u) + \\[d,KM?+\\[d.^>\? . . 

+ \\[d*,[d,AM\' + \\[d,[d\A']uf + Cm\\u\\U ■ 



<\\A'nuf + \\A"'Duf + \\A'-^D\f + Cm\\u\\1_^ 



<\\nu\\l + \\A'-^Duf + CmM^ 



where the second inequality follows from fl6.4p . Now, the term ||A''^^DMp can be 
absorbed in the left-hand side for M sufficiently large. By induction, we obtain 
the estimate fl6.2p . 

In Chapter 1, we have introduced a local compactness estimate in a neighbor- 
hood U of zo E bQ as 

M\\uf <Q{u,u) + Cm\\u\W (6.6) 

for any u G C^{U (IQ)^ nDom(9*). The following lemma yields a global estimate 
from a local estimate. 

Lemma 6.1. Let Q be a bounded domain. Assume that the estimate (16. 6p holds 
at any boundary point. Then (16. ip also holds. 



Proof. Let {Q}jLQ be a partition of the unity such that G C^{Q), Q G 
Cr(f/,), J = l,...,iVand 

N 

EC| = 1 on a 

j=0 

where {?7j}j=i^...^Ar is a covering of bfl. 

For u G C°°{Q)'^ n Dom(9*), we wish to show (16. ip . From the interior elliptic 
regularity of Q we have 

\\Cou\\l<Q{ConXou). 
On the other hand, by the Cauchy-Schwarz inequality, we have 

M\\Cour<\M\l + CM\ 

It follows 



2 

-1- 



M\\Couf<QiCou,Cou) + CM 

<Qiu,u) + Cm\\u\W. 
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Similarly, for j = 1, ...,N, using the hypothesis, we have 



M\\Qu 



' <QiCjU,Qu) + CM\\Qu 
<Q{u,u) + CM||^i||^i- 



(6.8) 



Summing up over j, we get the proof of the lemma. 



□ 



We have thus proved that local compactness estimate over a covering of 6f2 
implies global compactness. In turn, this latter yields (16. 2 p and hence global reg- 
ularity. We collect in a single statement the conclusions of this section. 

Theorem 6.2. 1. Let Q G C"' be a smoothly bounded q-pseudoconvex (resp. q- 
pseudoconcave) domain at any boundary point. Assume that a compactness 
estimate holds on (0, k) -forms with q < k < n — 1 (resp. 1 < k < q) in a 
neighborhood of any boundary point . Then the d-Neumann operator Nk on 
{0, k)-forms is exactly, globally regular. 

2. Let Q C C", n > 3, be a smooth, bounded annulus defined by fl = Qi\Q2 
whereCl2 C Qi andQi is p-pseudoconvex andVL2 is {n — q — l)-pseudoconvex. 
Assume that a compactness estimate holds on {0, k)-forms with p < k < q 
in a neighborhood of any boundary point. Then the d-Neumann operator Nk 
on (0, k) -forms, p < k < q, is exactly, globally regular. 

3. Let M C C", n > 3, be a C°°, compact, q-pseudoconvex hypersurface. As- 
sume that a compactness estimate holds on (0, k) -forms with q < k < n—l—q 
in a neighborhood of any point. Then the Green operator (G^ '■= O^'^) 
on {0, k)-form is exactly, globally regular. 

6.2 Failure of compactness estimate in presence 
of global regularity 

Is compactness estimate necessary for global regularity? Answer is no. We start 
from the following statement about failure of compactness estimate. 

Proposition 6.3. Let Q be a smooth bounded pseudoconvex domain of with 
a "n — 1-Reinhardt flat" piece of boundary. This means that, in some choice of 
coordinates 



where D is the unit polydisc in C and D" the e-polydisc in . Then, com- 
pactness of Nk does not hold. 



.n— 1 
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Remark 6.4. This result generalizes the one by Krantz in |Kr88] and is close to 
the further development contained in |BS99] . In the original statement, Reinhardt 
domains having a fiat portion of the boundary, are considered. Here, it is not 
required that the domain is fully Reinhardt but, we still ask for a flat Reinhardt 
portion of the boundary. 



lift<i 
if t > i. 



Proof of Proposition \6.3[ We prove the proposition for the case n = 2 and k 

1, since the general proof is identical. Let G C^(M) satisfy tplt) ■ 

For m G Z+, set 

Mm(^i,^2) = ^/2{m + I)z'^ij{\z2\^)dz2. 

Then, we have r;^-^{um)i+rz2{um)2 = on bQ, that is, Um G C°° {ClY nDom{d*) . 
Moreover, we have 

||M„f = 2(m + l) [ \zi\^'^i:{\z2\^)dV >2{m + l) [ [zil^'^dy ~ 1(6.9) 

On the other hand, one checks readily that Bum = and d*Um = A/2(m + l)z^dz2X'i 
this yields < 1. In conclusion, 

I \Um\ |o ). (6.10) 

We remark now that, by i^o-boundedness, there must exist a convergent subse- 
quence {um^}. Since Q is circular with respect to zi, and since integration of z^z"^ 
over the circle is unless m = m, then the sequence is orthogonal and therefore the 
limit must be 0. By the compactness of the embedding H_i Hq, we conclude 
ll'^mfell-i — >■ 0. This, in combination with f l6.10p . violates compactness. 

□ 

As for global regularity, there are several criteria which do not require com- 
pactness. The first is the so-called Condition (T) (cf. |CS01] p. 129). Under the 

n 

choice of a defining function r of Q and of a normal vector field L„ = Yl^z dz , 

this is expressed as follows. For any e there is a vector field T = T^, tangent to 
bfl and whose component along L„ — L„ has uniformly positive lower bound, such 
that 

\{[T,S],Ln)\bn\<e (6.11) 

for any S E C TC". We refer to |CS01j Theorem 6.2.1 for the proof that 
Condition (T) implies global regularity. An easy application of this result is 
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Proposition 6.5. Let Q be a Reinhardt complete, smooth hounded, pseudoconvex 
domain ofC^. Then, the d-Neumann operator Nk on (0, k) -forms is exactly regular 
in Sobolev norms, that is 

\\Nka\\s<Cs\\a\U, (6.12) 

for s>0 and all a e Hs{Q)''. 

Proof. The proof goes through Condition (T). Since Q is Reinhardt, then in 
particular it is circular, that is, invariant under multiplication by e*^ G and 

n n 

therefore T := i^^Zjdz — i^zjdz , when restricted to bQ, is tangent to bQ. It is 

j=i ' i=i 

an easy exercice to check that in order that Condition (T) is fulfilled, it suffices 
to show that T is not complex tangential, that is, 

n 

J2^AMbn7^0. (6.13) 

n 

If, instead, we have '^Zjdz^{r)\bn = at some z° G bfl, then the vector z" — 

is orthogonal to dr{z°) and therefore, there are other points z^ E Q such that 
\zj \ > \zj \ for any j. Since Q is Reinhardt complete, this is a contradiction which 
proves fl6.13p . Thus Condition (T) is verified and the proposition is proved. 

□ 

The most general criterion for global regularity is due to Straube [SOS] . 

Theorem 6.6. [Straube 08] Let Q be a smooth bounded pseudoconvex domain 
in C", r a defining function for fl. Let 1 < k < n. Assume that there is a constant 
C such that for all e > there exist a defining function for fl and a constant 
Ce with 

l/C < iVr^l <C on bn, (6.14) 

and 

\K\=k~ 

for all u G C'^{VlY H Dom{d*). Then the d-Neumann operator on (0, k) -forms 
is exactly regular in Sobolev norms. 
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ij=i 



< e 



\u\ 



(6.15) 
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We postpone to the next section a modified proof of Straube's theorem but 
first discuss of some examples. A general class of domains which enjoy global 
regularity are convex domains. They belong to the larger class of domains endowed 
with a plurisubharmonic defining function which also have global regularity (cf. 
e.g. |BS91] ). Historically, this fact is proved by the aid of Condition (T). For the 
selfcontainedness of our exposition, we prefere to offer a proof which uses Straube's 
Theorem. 

Theorem 6.7. [Boas-Straube 91] Let Q be a smooth bounded domain in C" 
admitting a defining function r that is plurisubharmonic on the boundary, that is, 
ddr{z) > for any z & bfl. Then the d-Neumann operator Nk is exactly, globally 
regular for any k > 1. 

Proof. By Theorems 13.121 and 16. 6[ we only need to show that for any e > 0, 
there exists a family {$^} such that 




(6.16) 



for any u = Y^Ujdzj E C°^{nY n Dom(9*). 



We define := -. Since ddrl^Q > 0, then by Cauchy-Schwartz 



r 



ddr{u^ ,u^)ddr{dr,dr) > ddr{dr,u'^) = y^^r^-gTg-M^ 

ij=l 



on bn. (6.17) 



Since dd{dr, dr) is bounded on bVt, then 



dd^'{u\u^) 



ddrivJ ., u^) 



e 



> 



ddr{u'^ ., u'^)ddr{dr, dr) 



e 



(6.18) 



1 " 

>- T: 

ij=l 



2 




This concludes the proof of Theorem 16.71 



□ 
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Example 6.1. Letfl be the domain in defined by \zi\^ + ({zi, Z2) — I < where 

fo if\z2\<l, 
\l ^f\z2\>l, 

where we also assume, as a general fact, that Q is pseudoconvex. In this situation, 
according to Theorem \6.3[ there is no compactness. However, global regularity can 
be achieved in several cases as for instance for 

(i) C, = i^{\zi\,\z2\) (so that Vt is Reinhardt) and ( is decreasing with respect to 
both \zi\ and \z2\ (so that Q is complete), 

(a) ( is general but, for any vector w G C^, it satisfies + dd({w,w) > 
(so that Q admits a plurisubharmonic defining function). 



6.3 Weak compactness estimate and global reg- 
ularity 

The purpose of this section is to show that global regularity follows from an 
estimate which is weaker than compactness. The proof that we give is a variation 
of a Straube's [SOS] result. 

Theorem 6.8. Let Q be a smooth, bounded, pseudoconvex domain in C". Assume 
that for any positive constant e > there exists a defining function of VL with 
^|r^.|2 onhVt such that 



E lY.'UA^'^^ <e{\\dur+\\d*ur)+cM\\. (6.19) 

\K\=k-l ij 

for any u G C'^{VlY H Dom{d*). Then the Bergman projection Pi^i is exactly, 
globally regular for any I > k. 



Remark 6.9. We remark that Theorem 16.61 and 16.81 are equivalent. In fact, it is 
easy to check that fl6.15p and fl6.19p are equivalent; and by Boas-Strauble |BS90j . 
Nk is exactly , globally regular if and only if P^^i, P^, P^+i are exactly, globally 
regular. 

Before starting the proof, we need to fix some notations and state some pre- 
liminary result whose proof is immediate. Let U he a. neighborhood of bfl. For 
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any e > 0, we may assume that the defining function r := oi satisfies 
Sfc=i k^feP 7^ on f/. We define a system of (1,0) vector fields by 

N = =^ — ■ ^Vr^, — , T = N-N and L,- = r,.N 

for j = 1, n. Notice that T and Lj,l < j < n, are tangential and that T = —T. 
First, we consider u G C^{U fl fi)^. Using integration by parts, we get 



\\Ljuf < {[Lj,Lj]u,u) + WLjuW^ + \\u 



|2 



(6.20) 



Denote S = span{Li, L„, J^, J^, Id}. 
Proposition 6.10. For s G N and S & S, we have 

\\Su\\U < \\du\\U + Wu\\U + \\u\\s-i ■ \\u\U, (6.21) 

and 

Ml < \\du\\U + \\d*u\\U + ll^ll.-i-ll^ll. + r^^ir, (6.22) 

for any u G C^{U fl H)*-' fl Dom{d*). Moreover, for u G C^{VtY n Dom{d*), we 
have 

hll^+i< 11^*^11^ (6.23) 

Proof. The proof of (I6.2ip follows from the fact that 

(/II — — 

< \\du\\U + \Wu\\U + MU (6.24) 

for j = 1, n, and 

ll^.^llLi < ll^^llLi + \\d*u\\U + M\s-i ■ \\u\\s, (6.25) 

for j = 1, ...,n — 1. (The inequalities f l6.24p and fl6.25p may be found in |BS91j . 
p.83 or in [CSOT] . Section 6.2.) 

The proof of f l6.22p follows by the induction in j from 

\\T'u\\l_^ < \\du\\U + \\d*u\\U + ll^ll.-ill^L + \\T'^'u\\l^_,. (6.26) 
The last estimate f l6.23p follows from ellipticity in the interior. 

□ 
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Lemma 6.11. (i) We have 

r d 



,^_^,T]=e,T + S„ (6.27) 
where 9j = -yj^Yl^ziz.rz,, and Sj,eS. 
(a) We also have 

[^,T2^] =2s^,T^+^ + Af-^Sjs, (6.28) 

where is a tangential differential operator of order 2s — 1, and Sjs E S. 

Proof. By differentiating and using formula ^ = r^.T + Lj + r^-Ln, we get 
the proof of the lemma. 

□ 

Proof of Theorem \6.8{ . For any s G N, we want to show by induction that Pi is 
exactly continuous on Hs{Qy for I = n — 1, k — 1. 

We start from the remark that, when u has degree n, the condition u G 
Dom{d*) coincides with the Dirichlet condition u\bn = 0. Thus Q is elliptic on 
n-forms and hence Pn-i = I — d*Nnd is exactly continuous on Hs{^l)"'~^. The 
induction hypothesis is that P^ is exactly continuous on Hs{Q)^. We need to show 
that Pk-i is exactly continuous on Hs{Q)'^ for any s. 

We first prove that 

ll^fc-i«ll'<ll«lls + ll^fc-i«ll'-i (6.29) 
for any a G C^iU D n)''-\ We have 

(/ - Pk-i)a = d*Nkda G C^{U n Qf-^ n Dom(a*). 
Using fl6.22p . for u replaced by (/ — Pk_i)a, we get 



ll(/ - Pk-i)a\\l <\\dd*N,da\\U + 11(1- Pk-i)a\\U + \\T%I - Pk-iW 

<\\a\\l + \\Pk-ia\\l_, + \\T'Pk^,af. ^ ' ' 

Hence 

\\Pk-ia\\l <\Ml + + \\T'Pk^ia\\\ (6.31) 
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Similarly, by using f l6.2ip . we get 

\\SPk-ia\\l^, <Ml + \\Pk-iaUPk-ia\\s-i (6.32) 

for any S E S. 

Now, we estimate the last term of fl6.3ip . We have 

\\T'Pk-iaf ={T'Pk-ia,T'a) - {T' Pk-ia,T'd* Nkda) 

= {T'Pk-ia, T'a) - {{TyT'dPk-ia, Nkda) (6.33) 
-([9, {TyT']Pk-ia,Nkda). 

We set 9j = 'Ylii^ZjZi'fzi and define an operator O : J\P'^^^ — t- A^'^ by 
6m = {OiUjK — OjUix) dzi A dzj A dzx- 

\K\=k-2i<j 

We also define operators Ij : A^'''^^ — > A^''^ by 

IjU = ujdzj A dzj. 

\J\=k-l 

We have 

[d, {Tyr'] =[d, T^'] + [B, {{ry - t')t'] 



(6.34) 



where Af^\Bf^ and q are tangential operators of order 2s — 1, s — 1, and s 
respectively. 

Thus, we can continue fl6.33p by 

= {T'Pk-ia,T'a) - {Q2sT' Pk-ia,T'Nkda) + ^{B^-^ SjIjPk-ia,C'^X'^Nkda) 

j 

- \ 1 / _ - \ (6-35) 

<e(||Pfc_ia||^ + \\Nkda\\l) + -{\\a\\l + ^ \\S,Pk^MU + ||e*T^iV,9«f ) • 

j 

Using the hypothesis of the theorem, we get 

\\e*T^Nkdaf <e{\\dT^Nkdaf + \\d*T^Nkdaf) + a\\T^N,da\W 
<^i\\T^dN,dar + \\[d,r]N,dar + WT^B^N^daf 

■ T']N,daf) + a\\T'Nkda\\\ ^ ' ' 
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where we are using, among other things, that dNkda = 0. Combining f l6.31|) . 
f l6.35p and (16. 36 p . we obtain 

\\Pk-Ml SMI + \\Pk-Ml-i + V~e\\N,da\\l + C,\\Nj,da\\l,,. (6.37) 

We use now Boas-Straube's formula in |BS91j . For a G H^{Q)^~^ we have 

Nkda = PkWtNt^kdw^t{I - Pk-i)a, 

where Nt^k is the solution operator to the weighted 5-Neumann problem with 
weight Wt{z) = exp(— By the result of Kohn [K73j . we have that Nt ^d is 
also exactly continuous on Hs{Q)'^~^. It follows 

\\Nkda\\s < Ms + \\Pk-ia\\s, (6.38) 

for any a G H'{n)''-\ From flOTj) and flOS]) . we get §M>- 

Finally, for any a G C°°{Q)^ we can write a = xi« + X2« where xi ^ C^{U fl 
Q)'' and X2 ^ C^(i7)^ where ?7 is a neighborhood of bQ. 
We have 

\\Pk-ia\\l <||Pfc-i(xi«)||^ + \\Pk-i{X2a)\\l 

<\\XM\1 + ||Pfc_i(xia)||Li + IIX2a||. + \\Pk-i{X2a)\\U (6-39) 
<\\a\\l + ||Pfc_i(xi«)||Li + ll^fe-i(X2a)ll'-i, 

for any a G iP(fi)^"^ 

Since \\d*Nkdaf = {d*Nkda,d*Nkda) = {Ba.Nkda) = {a,d*Nkda), then 

ll-Pfe-iQ^II ~ ll'^ll- We assume by induction that ||Pfc_ia||^_^ < for any 
a G C°°(0)'=; then by (K^ . we get 

<ll"ll', (6.40) 

for any a G C°°{Cl)'^. Using the method of elliptic regularization as in |KN65j and 
|FK72j the a priori estimate (I6.40p becomes an actual estimate which yields the 
conclusion of the proof of Theorem 16.81 

□ 
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The Property (f-Ai-P) in some 
classes of domains 

In this chapter, we rivisit classical estimates in the framework of the method of the 
weights and exhibit some new classes of domains which enjoy {f-Ai-P)^ Property. 
We also discuss about optimal subelliptic estimates. 

7.1 Domains which satisfy the Z{k) condition 

In this section, we consider a domain satisfying the Z{k) condition at a boundary 
point. This class of domains is probably the simplest of non-pseudoconvex domains 
which enjoy ^-subelliptic estimates. We refer to |FK72] for the definition of this 
property which is also recalled here in 12.21 

Theorem 7.1. A domain f2 C C" satisfies Z{k) condition at zq G bfl if and only 
if in a neighborhood U of Zq the ^-subelliptic estimate holds, that is, 

\\M\l/2 ^ Q{u,u) 

for any u G C^{U H 0)'= n Dom{d*). 

This is a classical result about non-pseudoconvex domains that can be found 
in |H65j . [FK72j and others. In this section, we give a new way to get ^-subelliptic 
estimates by constructing a family of weights as required by Property [f-Ai-P)^ 
under the choice M. = 1 . 

Proof. Let VL satisfy Z{k) condition at Zq G bVt. Then f2 is strongly k- 
pseudo convex or strongly fc-pseudo concave. There are a number qo ^ k and a 
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neighborhood U of zo such that 

^ n—l Qo 

TjjUiKUjK — ^^'^jjl'^P > I'Wp on f/ n (7.1) 

\K\=k-lij=l j=l 

for any u G C^{U fl H)'"' fl Dom(9*). So, what is left to show, is that satisfies 
Property {f-l-Pf at with /((J-^) = ^-^/^^ 

We define = — t. For 2; G S'^, we see that is absolutely bounded and 



/ n— 1 qo 

\\K\=k-lij=l j=l 



(7.2) 



Moreover, Lj($^) = for any j < n—l. Then the family {$''}5>o satisfies Property 
(/-1-P)^ 

□ 



Corollary 7.2. Let M be a smooth hypersurface in C". Assume that M satisfies 
Z{k) and Z{n — 1 — k) condition at Zq. Then there is a neigborhood U of zq such 
that 

lb^ll6,l/2 ^ Qbiu,u) 

for anyuE C^{UnMf. 

The proof of Corollary 5.2 follows from Theorem 5.1 and Corolary 14.131 

7.2 (/-decoupled-pseudoconvex/concave domains 

Let Vt C C" be defined in a neighborhood of zq by 

r = 2Re2;„ - 0(2:1, . . . , Zq^) + h{zq^+i, z^-i) < (7.3) 

where a and b are real functions such that dda and ddb are > 0. 

Proposition 7.3. The domain Q, defined by (17. 3p . is {qo + l)-pseudoconvex and 
[qo — l)-pseudoconcave at Zq. 
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Proof. We consider the basis of vector fields 

Li = r^_^J = l...n - 1 and L„ = 7^. 

OZj OZn OZn 

Let wi, ...,c<;„ = dr be the dual (1,0) forms of these vector fields. We may choose 
the Hermitian metric in which wi, ...,a;„ are orthonormal. Then 

ddr = — aijUi A Uj + bijUi A CUj 

ij = l ij=qa + l 

where Ojj and bij are the Levi matrices of a and b respectively. It follows, for any 
k-form u 

= ^ajj\u^\^ ~ ^ ^aijuli^u]K+ ^ ^ hjulj^u]^. (7.4) 

3 = 1 \K\=k-lij=l \K\=k-lij=qo+l 

We prove now that W^^j^^iu^) > for A; > go + 1, that is, that VL is (go + 1)- 
pseudoconvex. (The proof of the (go — l)pseudoconcavity of VL is similar.) In fact, 
extending (ajj) from a go x g^ to an (n — 1) x (n — 1) matrix by adding zeroes, 
and using the positivity of the resulting 2-form, we conclude 

^ (Jo Qo 

\K\=k-li,j=l j=l 

It follows 

n-1 

Hliu^y Y! Y Mli^^lK- (7.5) 

\K\=k-li,j=qo+l 

Note that, 6f2 being rigid, (17. 5p holds not only on bfl, but also on near 

□ 

Definition 7.4. is said to be q2-decoupled-pseudoconvex (resp. qi-decoupled- 
pseudoconcave) at zq if there are functions hj{zj) such that b{zg^^i, . . . ,Zn-i) = 

EJ^a ^j(^i) (^^^P- "(^1' • • • ' ^9o) = Ei°=l 

Remark 7.5. Since 99a and 996 are > 0, then > for any j. 

Remark 7.6. If Q is (go + l)-decoupled-pseudoconvex then from (17. 5p we get 



Hli^'^ > Y Y! > on f/ n n (7.6) 



, dzjdz. , 

j=A; -J ■> \K\=k~l 
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for any of degree k > qo + 1. On the other hand, if Q is {qo — l)-decoupled- 
pseudoconcave, then, owing to ipij) > 0, we have 

fc + l n2l 

Hli-n>j:£^{\ur- E' \uUnonUnn, (7.7) 



dzjdzi 
j=i 3 J 



\K\=k~l 



for any of degree k < — 1. 



Theorem 7.7. Let Q be [qo + l)-decoupled-pseudoconvex at Zq = 0. Write coor- 
dinates m C" as z = X + iy and suppose that there are invertible functions Fj, 
j = Qo + 1, n — 1, with -^j^T^ increasing with respect to t near such that 

either — -^0^^. > ^V^, or — 0^^. > 7-8 
oZjOZj ~ '^ZjOZj ~ yj 

Also, assume by reordering, that the Fj's are increasing, that is, ...Fj < Fj+i.... 
Then (/-l)'^ estimates hold in degree k > q2 with f{S^^) = iF^{6))^^ where F* 
are the inverse functions to the Fj 's . 

Similarly, let fl be {qo — l)-decoupled-pseudoconcave and assume that there are 
Fj with -^^j^T^ increasing in t and satisfying fl7.8p for j = l,...,^^; by reordering, 
further assume that ...Fj > Fj^i.... Then (/-l)'^ estimates hold in degree k < — 1 
for f{6'') = {F*{6))-\ ^ 

Example 7.1. If hj(zj) = \zj\'^''^^ or Ixjp"^^' with rrij > rrij+i, then we get e- 
subelhptic estimates with e = g^^- If hj{zj) = exp(— i^-jm-) or exp(— jm^. ) with 

rrij > rrij^i, then we get (/-l)*^ estimates with f(t) = (logt)™* . 
Example 7.2. Let 

n-l 

r = 2ReZn - a{zi, ZgJ + ^ ^i(^i)- 

j=qo+l 

where dda > and hj{zj) is defined in Example 17. 1[ Then we get (/-l)'^ estimates 
at Zq for the domain i7+ = {+r < 0} (resp. = {—r < 0}) for any form of 
degree k > {qo + 1) (resp. k < {n — qo — 2)) . By Theorem 11.131 , (f-l)'' estimates 
for the system {db, d^) on M = {r = 0} hold in any degree k such that go + 1 < 
k < n — qo — 2. 

Proof of Theorem \ 7. 7[ We may assume that q| (zj) > '^■'^^2^^^ for any j 
because, if (zj) > ^^^-^1^, we change coordinates by Zj := izj. Let C be a 
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postive constant such that C qJq- (zj) > 

The case {qo + 1) -decoupled-pseudoconvex. For any form of degre k > + 1, 
we define the family of weights $ = $^ by 

*^Cr-2^e.p(-j^,. (7.9) 

j—k 

The weights $'s are absolutely bounded on Ss- Computation of the Levi form 99$ 
shows that 

ddr 1 / x^- \ x^- 



Then 



Using (17. 6p and the hypothesis fl7.8p . we get the estimate 

j=fc ^ i / |x|=fc-i 

We use the notations 



A = T^^ and 5, = t;-77^ 1 - ttt;;^ exp( 



where we notice that Aj > for any j. Thus fl7.10p reads as 



n-l 



j=k \K\=k~l 



For each j wit k < j < n — 1, we consider two cases 
Case 1. If \xj\ < F^{S), we have 
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and hence 

A,^B,>Ft{6r\ 



Case 2. Otherwise, assume \xj\ > F^{6). Using our assumption that ^^^^^-i^^ is 
increasing in \xj\, we get 



In this case, Bj can get negative values; however, by using the fact that min< (1 — 
t)e-*/2} = -2e-3/2 for t = > | we have 

Bj > -2e-'^/^F*{6)-^ 

This imphes 

A, + B,>F*{S)-'. 
Therefore, continuing our estimate (17.111) . we obtain 



n — 1 



j=k 

>f(Sf\u 



j=k \K\=k-l 
2|„,-r|2 



(7.12) 



n-l 

where the last inequality follows from Yl \'^]k\'^ — S I'^jP = I'^^P- More- 

j=k\K\=k-l \J\=k 

over, we see that $j = ^ and therefore $j = for any j < q^. Hence ^JL^ = 
0. Thus the weights $ = $^ satisfy Property {f-l-PY ■ Applying Theorem I1.10[ 
we get 

\\f{k)u\\'<Q{u,u) 
for any u G C^{U H n Dom(9*) with /(r^) = Fl{5)-^. 

The case q-decoupled-pseudoconcave. For each < g^, — 1, we define the family 
of weights $ = $f by 

*-^^2i:-P(-j^). (7.13) 
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In the same way as before, we see that the $^'s are absolutely bounded on Ss 
and their Levi forms satisfy 



fc+1 

<(^^)>i^fc*+iW-^E(l^^l'- E' K^l' 

i=i |_ft:|=fc-i 
fc+1 

>FUM-\{k + l)\u^\'-Y^ \ul 



|2 



(7.14) 



Now, we need to show that 



j=l |X|=fc-l 

-2L,r|2 



i=i 

We note that $j = for A; + 2 < j < ri — 1 and that 



for 1 < j < A; + 1. Thus, from frm|l and flTTHjl we get (El5]). 

□ 

7.3 Subelliptic estimates for regular coordinate 
domains 

We state precise subelliptic estimates for the 5-Neumann problem over the class 
of regular coordinate domains of C"^"^. 

We consider a domain Vt C C"^^ defined by 

n 

2Rez„^i + ^ ^ |/j(2:)|^ < 0, with fj holomorphic, fj = fj(zi,...,Zj )anda,7/,^0. 
i=i 

(7.17) 

This is called a regular coordinate domain; the inequality which defines Q is 
denoted by r < 0. We discuss subelliptic estimates for the 9-Neumann problem 
on Q 

\\M\l< \ \du\\l + \\d*u\\l + \\u\\l for any u G C,°°(f/ n 0)^ n Dom((9*). (7.18) 
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Our problem is to find the optimal e. There are several relevant numbers related 

to n 

• m = mi ■ ... ■ rUn the multiplicity. 

• D the D' Angela type defined as the maximal order of contact of a complex 
curve with hVt. Note here that since 'Y^- > l^p™ then necessarily D < 

2m. 

• e the (optimal) index of subelliptic estimates. It satisfies 

1 , . ? 1 . 

e < — Catlin 1983 [C88] . e > D'Angelo conjecture 1993 iD93] . 

D 2m 

We define a new number 7. For this, we write 

fj = 9j{zu Zj) + z^' + OizJ"'^^) for gj = 0(^^^ Zj' ). 

Let jo, jo > 2, j > 2, be the first index with the property that gj is independent 
of Zj for any j < jo — ^ and write for the minimum between A* and m^ (resp. 
mi — 7] for any 77 > 0) when i<jo — ^ and j < j o ~ 1 (resp. j > jo), and otherwise 
put = 1. Define 

7j = min -^^i, 7 = min7j. (7-19) 

Note that -^<\<^. Here is our main result of |KZ08c] (which is also presented 
in [CCnS] \^th \ replaced by 3^). 

Theorem 7.8. Let Q be a regular coordinate domain and let 7 be the number 
defined by fl7.19l) .' then we have e-subelliptic estimates for e = |. 

Example 7.3. For the domain of C"^^ defined by 

n 

2Re2„+i + Iz'^'l^ + - < 0, Ij < m^-_i < m^ , 

i=2 

the number 7 is given by 7 = J^''"'^ . We claim that ^ = | = ;^ . The first equality 
follows from Theorem 17.81 As for the second, we can easily find the critical curve 
r with the maximal contact with dQ; this is parameterized over r G A by 

1 h 

T h-). (r'"iT , r™2™i7 ^ ...^ r, 0). 

In fact, we have r|r = + | /^i^— /r"^i^\ + ... = \ti\ and therefore D > ^. 
On the other hand e = f < by Catlin 1983 [U83] . 
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Example 7.4. For the domain in defined by 

5 

2Rez3 + + \zl + Y^Cjzizl' + 0(4) |2 < 0, 

3=0 

with aj > 3 for any j, we have 7i = |, 72 = ^ and 7 = 72. 
Example 7.5. Let us consider in the domain defined by 

2Re^4 + kiT + 14 + -^^l' + \4 + + ^s^l' < 0. 

Here 7^ = i, 72 = ^ and 73 = min(g^, ^, ^) and 7 = 73; in particular, if 
a > 3, and 6 > 4, we have 7 = 



Proof of Theorem 7.8 . 

In order to establish f l7.18p it suffices to find a family of bounded weights 
whose Levi form satisfies over the strip Ss '■= {z & Q : —r{z)<6}, the estimate 
dd^^{z){u, u) > 5^'^'\u\'^ for u G C". We choose a > 1, put aj = Q;(mj+i...m„) and 

choose a smooth cut off function x with x = 1 in [0, 1] and x = in [2, +00). We 
define 



j=j„ ?i=l I & I ^ 16 1 / 



7=1 V 



(7.20) 



where * = ; notice that log* ~ log 5. The weights $ that we have 

defined are bounded in the strip Sg- When calculating the Levi form, we ob- 
serve that ddr{u,u) = ^\dfj ■ and dd\d^^fj\'^{u,u) = \dd^Jj ■ -up and finally 



dd\zj\'^{u,u) = \uj\'^. Thus, we have got a decomposition 

dd<!>\u, u) = Y^A, + Y.Y.B3+ EC*.' (7-21) 

j=i i=io h=i j=i 

with the estimates 

Aj > 6~^\dfj ■ up for any z G 5*^, 
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We note that the Aj^s and i?j"s are positive for any z but, instead, the C/s can 
take negative values when \zj\ > 6'^^; however, \Cj\ < c6~'^^\uj\'^ and thus the Cj's 

are controlled by the Aj^s and 5j*'s. We define 

Dj = Aj + Cj for J < jo - 1, = Aj+ ^ + Cj for j > j^. 

h<mj — l 

We wish to start by proving that, when j < jo — 1, then 

> J2^-'^^^\z^\^^'^-^'>\ui\^ for any Si < rm. (7.22) 

We use induction and show how to pass from step j — 1 to step j (the step j = 1 
being elementary). We fix our choice Sj = /*• and remark that 



Aj + ^ A > S-^ \dfj • + J2 

i<j~l 1 



(7.23) 

This proves f l7.22p for s = rrij. On the other hand, we have 

Cj + s-m,^j\z.\^(n--^) > ((5-7. + 5-'"n.|2^.|2K-i))|M/. (7.24) 

This is clear for < 5"^^ ; otherwise, Cj gets negative but it is controlled by the 
second term in the left of f l7.24p for small c. By combining f l7.23p with f l7.24p we 
get f l7.22p for s = nij and s = 1 and thus also for any 1 < s < m^. This concludes 
the proof of our claim fl7.22p . 

We pass to treat the terms Dj = Aj + "^Bj + Cj for j > jo. We begin by an 

h 

auxiliary statement: if for some i with jo ^ i ^ j — ^ and for any 1 < Si> < rriii, 
we have 



i'<i jo^i' ^i—i i'^jo—^ 

(7.25) 

then we also have 

^A > r^^|log(5|"^-Vj|l (7.26) 

i<j 
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We prove the imphcation from step j — 1 to j. By choosing Si' = in f l7.25p . and 
observing that, if z < j — 2, then > 6~'^^~^ \ log5|" for any a, we get 



i<j-l i<jo-l 

i>jo i<i-l 

>r^-^|iog<5r-^-i|5,^,/,lV,f. 

If now |i9zj/jp > then fl7.27p can be continued by 



> r^j|iog5r^->jf . 



If not, we pass to use Bj instead of Aj. In this way we jump from d^_fj to d^^^ fj 

until we reach Bj"^ ^; since \zj\'^ = \d^^ ^ fj\^ is smaller than ^i^^l^^j (otherwise 

we would have used the former term Bj^^ ^), then Bj^^ ^ is bigger than the right 
side of f l7.26p . This concludes the proof of the auxiliary statement. 
We show that, for any value of \zj\'^ 

^Di> 6-^'^\uj\'^, (7.28) 

i<j 



whereas, when > 6'^^ 



J either 6 '^^ | log 5 1 ^{ujl"^ 
or 6-^^-^\zj\^^"'^-^^Uj\'^. 



(7.29) 



For j < jo — 1, the claim has already been proved in fl7.22p : the second alternative 
in (rr29|) holds. If l^^p < 6'^^, then Cj > c6-'^^\uj\'^. Assume therefore l^jf > 6^^ 

and suppose fl7.29p true up to step j — I; we prove that it also holds for j (which 
implies f l7.28p ). First, if in the inductive statement it is the first of f l7.29p which is 
fulfilled at some step i with jo ^ i ^ j — ^, the first is also fulfilled at step j; this 
follows from the auxiliary statement. Otherwise, assume we have the second for 
any i < j — 1; (we surely do have for any ? < jo ~ !)• Now, if for some i < jo~ ^, 
we have \zi\'''j > \zj\'^^~^, or, for some jo ^ i ^ j — 1, we have \zi\ > then, 
owing to \zj\ > 5"'\ we have 
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To prove the second of fl7.30p . it suffices to notice tliat 
As for the first, we notice that 



(because /* < rrii — rj). This proves f l7.30p . By f l7.30p . the second of f l7.29p is 
converted into the first in the inductive statement for i < j — 1 (and thus also for 
j owing to the auxiliary statement). Thus the only critical case occurs when both 
the inequalities 



\Zi\ < \Zj\^^ \ i >jo, 
are fulfilled. But we have in this situation 



(7.31) 



2 l^' ' 



\2{mj-l) 



which implies Aj + Xlj A. > 5~"'^-^\zj\^'''^^''^^\uj\'^. This yields the second of ( 17^29]) . 

Thus induction works and brings us to step j = n. At this point we can disregard 
f l7.29p (though it did a great job for the inductive argument): f l7.28p for any j < n 
yields the conclusion of the proof. 

□ 
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